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(57) ABSTRACT

Certain aspects of the present disclosure provide methods and
apparatus for spiking neural computation of general linear
systems. One example aspect is a neuron model that codes
information in the relative timing between spikes. However,
synaptic weights are unnecessary. In other words, a connec-
tion may either exist (significant synapse) or not (insignifi-
cant or non-existent synapse). Certain aspects of the present
disclosure use binary-valued inputs and outputs and do not
require post-synaptic filtering. However, certain aspects may
involve modeling of connection delays (e.g., dendritic
delays). A single neuron model may be used to compute any
general linear transformation x=AX+BU to any arbitrary pre-
cision. This neuron model may also be capable of learning,
such as learning input delays (e.g., corresponding to scaling
values) to achieve a target output delay (or output value).
Learning may also be used to determine a logical relation of
causal inputs.
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FOR THE INPUT SPIKE, AND A DIFFERENCE BETWEEN A TARGET
TIME DIFFERENCE AND THE ACTUAL TIME DIFFERENCE

Y [3212

DETERMINE A SCALAR VALUE BASED ON
THE ADJUSTED DELAY

FIG. 32
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3200A

f3202A

MEANS FOR INITIALIZING A CURRENT DELAY ASSOCIATED
WITH AN INPUT TO A NEURON MODEL

/3204A

MEANS FOR DELAYING AN INPUT SPIKE IN THE NEURON MODEL
ACCORDING TO THE CURRENT DELAY, WHEREIN THE INPUT
SPIKE OCCURS AT AN INPUT SPIKE TIME RELATIVE TO A
REFERENCE TIME FOR THE NEURON MODEL

MEANS FOR REPEATING

l /3206A

MEANS FOR EMITTING AN OUTPUT SPIKE FROM THE NEURON
MODEL BASED, AT LEAST IN PART, ON THE DELAYED INPUT SPIKE

v 32087

MEANS FOR DETERMINING AN ACTUAL TIME DIFFERENCE
BETWEEN AN OUTPUT SPIKE TIME OF THE OUTPUT SPIKE AND
THE REFERENCE TIME FOR THE NEURON MODEL

l f3210A

MEANS FOR ADJUSTING THE CURRENT DELAY ASSOCIATED WITH
THE INPUT BASED ON THE CURRENT DELAY, AN INPUT SPIKE TIME
FOR THE INPUT SPIKE, AND A DIFFERENCE BETWEEN A TARGET
TIME DIFFERENCE AND THE ACTUAL TIME DIFFERENCE

v f3212A

MEANS FOR DETERMINING A SCALAR VALUE BASED
ON THE ADJUSTED DELAY

FI1G. 32A
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/3302

PROVIDE, AT EACH OF ONE OR MORE LEARNING NEURON
MODELS, A SET OF LOGICAL INPUTS, WHEREIN A TRUE CAUSAL
LOGICAL RELATION IS IMPOSED ON THE SET OF LOGICAL INPUTS

l /3304

RECEIVE VARYING TIMING BETWEEN INPUT
SPIKES AT EACH SET OF LOGICAL INPUTS

l f3306

FOR EACH OF THE ONE OR MORE LEARNING NEURON MODELS, ADJUST
DELAYS ASSOCIATED WITH EACH OF THE LOGICAL INPUTS USING THE
RECEIVED INPUT SPIKES, SUCH THAT THE LEARNING NEURON MODEL
EMITS AN OUTPUT SPIKE MEETING A TARGET OUTPUT DELAY
ACCORDING TO ONE OR MORE LOGICAL CONDITIONS CORRESPONDING
TO THE TRUE CAUSAL LOGICAL RELATION

FIG. 33

3300A

(3302A

MEANS FOR PROVIDING, AT EACH OF ONE OR MORE LEARNING NEURON
MODELS, A SET OF LOGICAL INPUTS, WHEREIN A TRUE CAUSAL LOGICAL
RELATION IS IMPOSED ON THE SET OF LOGICAL INPUTS

l f3304A

MEANS FOR RECEIVING VARYING TIMING BETWEEN
INPUT SPIKES AT EACH SET OF LOGICAL INPUTS

l /3306A
MEANS FOR ADJUSTING, FOR EACH OF THE ONE OR MORE LEARNING

NEURON MODELS, DELAYS ASSOCIATED WITH EACH OF THE LOGICAL
INPUTS USING THE RECEIVED INPUT SPIKES, SUCH THAT THE LEARNING
NEURON MODEL EMITS AN OUTPUT SPIKE MEETING A TARGET OUTPUT

DELAY ACCORDING TO ONE OR MORE LOGICAL CONDITIONS
CORRESPONDING TO THE TRUE CAUSAL LOGICAL RELATION

FIG. 33A
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METHODS AND APPARATUS FOR SPIKING
NEURAL COMPUTATION

CROSS-REFERENCE TO RELATED
APPLICATIONS

This application is related to U.S. patent application Ser.
No. 13/369,080, filed Feb. 8, 2012 and entitled “METHODS
AND APPARATUS FOR SPIKING NEURAL COMPUTA-
TION,” and to U.S. patent application Ser. No. 13/369,095,
filed Feb. 8, 2012 and entitled “METHODS AND APPARA-
TUS FOR SPIKING NEURAL COMPUTATION,” which
are both herein incorporated by reference.

BACKGROUND

1. Field

Certain aspects of the present disclosure generally relate to
neural networks and, more particularly, to operating a spiking
neural network composed of one or more neurons, wherein a
single neuron is capable of computing any general transfor-
mation to any arbitrary precision.

2. Background

An artificial neural network is a mathematical or compu-
tational model composed of an interconnected group of arti-
ficial neurons (i.e., neuron models). Artificial neural networks
may be derived from (or at least loosely based on) the struc-
ture and/or function of biological neural networks, such as
those found in the human brain. Because artificial neural
networks can infer a function from observations, such net-
works are particularly useful in applications where the com-
plexity of the task or data makes designing this function by
hand impractical.

One type artificial neural network is the spiking neural
network, which incorporates the concept of time into its oper-
ating model, as well as neuronal and synaptic state, thereby
increasing the level of realism in this type of neural simula-
tion. Spiking neural networks are based on the concept that
neurons fire only when a membrane potential reaches a
threshold. When a neuron fires, it generates a spike that trav-
els to other neurons which, in turn, raise or lower their mem-
brane potentials based on this received spike.

Traditionally, information was thought to be coded largely,
if not exclusively, in the rate of firing of a neuron. If informa-
tion is coded in neuron firing rate, there may be significant
computational overhead to model neurons with membrane
dynamics, spiking events with temporal precision, and spike-
timing dependent plasticity (STDP) compared to merely
modeling neurons as firing rate transforms with rate-based
learning rules, such as the Oja rule.

SUMMARY

Certain aspects of the present disclosure generally relate to
spiking neural computation and, more particularly, to using
one or more neurons in a spiking neural network, wherein a
single neuron is capable of computing any general transfor-
mation to any arbitrary precision and wherein information is
coded in the relative timing of the spikes.

Certain aspects of the present disclosure provide a method
for implementing a spiking neural network. The method gen-
erally includes receiving at least one input at a first neuron
model; based on the input, determining a relative time
between a first output spike time of'the first neuron model and
a reference time; and emitting an output spike from the first
neuron model based on the relative time.
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Certain aspects of the present disclosure provide an appa-
ratus for implementing a spiking neural network. The appa-
ratus generally includes a processing unit configured to
receive at least one input at a first neuron model; to determine,
based on the input, a relative time between a first output spike
time of the first neuron model and a reference time; and to
emit an output spike from the first neuron model based on the
relative time.

Certain aspects of the present disclosure provide an appa-
ratus for implementing a spiking neural network. The appa-
ratus generally includes means for receiving at least one input
at a first neuron model; means for determining, based on the
input, a relative time between a first output spike time of the
first neuron model and a reference time; and means for emit-
ting an output spike from the first neuron model based on the
relative time.

Certain aspects of the present disclosure provide a com-
puter-program product for implementing a spiking neural
network. The computer-program product generally includes a
computer-readable medium having instructions executable to
receive at least one input at a first neuron model; to determine,
based on the input, a relative time between a first output spike
time of the first neuron model and a reference time; and to
emit an output spike from the first neuron model based on the
relative time.

Certain aspects of the present disclosure provide a method
of'learning using a spiking neural network. The method gen-
erally includes delaying an input spike in a neuron model
according to a current delay associated with an input to the
neuron model, wherein the input spike occurs at an input
spike time relative to a reference time for the neuron model;
emitting an output spike from the neuron model based, at least
in part, on the delayed input spike; determining an actual time
difference between the emission of the output spike from the
neuron model and the reference time for the neuron model;
and adjusting the current delay associated with the input
based on a difference between a target time difference and the
actual time difference, the current delay, and an input spike
time for the input spike.

Certain aspects of the present disclosure provide an appa-
ratus for learning using a spiking neural network. The appa-
ratus generally includes a processing unit configured to delay
an input spike in a neuron model according to a current delay
associated with an input to the neuron model, wherein the
input spike occurs at an input spike time relative to a reference
time for the neuron model; to emit an output spike from the
neuron model based, at least in part, on the delayed input; to
determine an actual time difference between the emission of
the output spike from the neuron model and the reference time
for the neuron model; and to adjust the current delay associ-
ated with the input based on a difference between a target time
difference and the actual time difference, the current delay,
and an input spike time for the input spike.

Certain aspects of the present disclosure provide an appa-
ratus for learning using a spiking neural network. The appa-
ratus generally includes means for delaying an input spike in
a neuron model according to a current delay associated with
an input to the neuron model, wherein the input spike occurs
at an input spike time relative to a reference time for the
neuron model; means for emitting an output spike from the
neuron model based, at least in part, on the delayed input;
means for determining an actual time difference between the
emission of the output spike from the neuron model and the
reference time for the neuron model; and means for adjusting
the current delay associated with the input based on a differ-
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ence between a target time difference and the actual time
difference, the current delay, and an input spike time for the
input spike.

Certain aspects of the present disclosure provide a com-
puter-program product for learning using a spiking neural
network. The computer-program product generally includes a
computer-readable medium having instructions executable to
delay an input spike in a neuron model according to a current
delay associated with an input to the neuron model, wherein
the input spike occurs at an input spike time relative to a
reference time for the neuron model; to emit an output spike
from the neuron model based, at least in part, on the delayed
input; to determine an actual time difference between the
emission of the output spike from the neuron model and the
reference time for the neuron model; and to adjust the current
delay associated with the input based on a difference between
a target time difference and the actual time difference, the
current delay, and an input spike time for the input spike.

Certain aspects of the present disclosure provide a method
of learning using a spiking neural network. The method gen-
erally includes providing, at each of one or more learning
neuron models, a set of logical inputs, wherein a true causal
logical relation is imposed on the set of logical inputs; receiv-
ing varying timing between input spikes at each set of logical
inputs; and for each of the one or more learning neuron
models, adjusting delays associated with each of the logical
inputs using the received input spikes, such that the learning
neuron model emits an output spike meeting a target output
delay according to one or more logical conditions corre-
sponding to the true causal logical relation.

Certain aspects of the present disclosure provide an appa-
ratus for learning using a spiking neural network. The appa-
ratus generally includes a processing unit configured to pro-
vide, at each of one or more learning neuron models, a set of
logical inputs, wherein a true causal logical relation is
imposed on the set of logical inputs; to receive varying timing
between input spikes at each set of logical inputs; and to
adjust, for each of the one or more learning neuron models,
delays associated with each of the logical inputs using the
received input spikes, such that the learning neuron model
emits an output spike meeting a target output delay according
to one or more logical conditions corresponding to the true
causal logical relation.

Certain aspects of the present disclosure provide an appa-
ratus for learning using a spiking neural network. The appa-
ratus generally includes means for providing, at each of one or
more learning neuron models, a set of logical inputs, wherein
a true causal logical relation is imposed on the set of logical
inputs; means for receiving varying timing between input
spikes at each set of logical inputs; and means for adjusting,
for each of the one or more learning neuron models, delays
associated with each of the logical inputs using the received
input spikes, such that the learning neuron model emits an
output spike meeting a target output delay according to one or
more logical conditions corresponding to the true causal logi-
cal relation.

Certain aspects of the present disclosure provide a com-
puter-program product for learning using a spiking neural
network. The computer-program product generally includes a
computer-readable medium having instructions executable to
provide, at each of one or more learning neuron models, a set
of logical inputs, wherein a true causal logical relation is
imposed on the set of logical inputs; to receive varying timing
between input spikes at each set of logical inputs; and to
adjust, for each of the one or more learning neuron models,
delays associated with each of the logical inputs using the
received input spikes, such that the learning neuron model
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4

emits an output spike meeting a target output delay according
to one or more logical conditions corresponding to the true
causal logical relation.

Certain aspects of the present disclosure provide a system
for neural computation of general linear systems. The system
generally includes an anti-leaky integrate-and-fire neuron
having a membrane potential, wherein the membrane poten-
tial increases exponentially in the absence of input, wherein
the membrane potential increases in a step upon input,
wherein the membrane potential is reset at a reference time to
a reset potential, and wherein the neuron spikes if the mem-
brane exceeds a threshold; and one or more synapses con-
necting input to the anti-leaky integrate-and-fire neuron hav-
ing delays but no weights and no post-synaptic filtering. For
certain aspects, the anti-leaky-integrate-and-fire neuron
spikes upon the membrane potential exceeding a threshold
and the reference time is a time at or after the spike and, upon
the reset, the synaptic inputs subject to delays are cleared.

Certain aspects of the present disclosure provide a method
of general neuron modeling. The method generally includes,
upon a delayed input event for a neuron, applying the input to
the neuron’s state and computing the neuron’s predicted
future spike time; rescheduling a spiking event for the neuron
at the predicted future spike time; upon a spike event for the
neuron, resetting the membrane potential and computing the
neuron’s next predicted future spike time, wherein the reset-
ting of the membrane potential is to a value that ensures the
neuron will spike within a time duration.

Certain aspects of the present disclosure provide a method
of computing a linear system using a spiking neuron. The
method generally includes determining an input time spike
time relative to an input reference time based on the negative
of'a logarithm of an input value; delaying the input by a time
delay logarithmically related to a linear coefficient; and com-
puting an output spike time relative to an output reference
time based on an anti-leaky-integrate and fire neuron model.
For certain aspects, the logarithm has a base equal to an
exponential value of the coefficient of change of the mem-
brane potential as a function of the membrane potential.
According to certain aspects, a neuron output to a post-syn-
aptic neuron represents a negative value by the absolute value
and inhibition for a positive coefficient and excitation for a
negative coefficient, wherein a neuron output to a post-syn-
aptic neuron represents a positive value by the absolute value
and inhibition for a negative coefficient and excitation for a
positive coefficient. For certain aspects, an input value that
may be negative or positive is represented using two neurons,
one representing the positive domain as the rectified value and
the other representing the negative domain as the rectified
negative of the value.

Certain aspects of the present disclosure provide a method
of converting timing information in a spiking neural network.
The method generally includes applying a propagating refer-
ence frame wave as input to two or more groups of one or
more neurons, wherein the reference frame wave is a oscil-
lating excitatory and/or inhibitory potential which is delayed
by a different amount before application to each of the two or
more groups; and encoding and/or decoding information in
the time of a spike of a neuron relative to the propagating
reference frame wave as applied to that neuron (or the neuron
to which the spike is input).

Certain aspects of the present disclosure provide an appa-
ratus for converting a self-referential relative time to a non-
self-referential relative time using a neuron. The apparatus
generally includes an input state which is set upon an input
and decays exponentially following that input; an input latch
which stores the input state at a subsequent input before the
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input state is reset; and a membrane state which is incre-
mented by the input latch value upon a reference input and
thereafter grows exponentially until exceeding a threshold,
whereupon the membrane state is reset and where the mem-
brane state does not grow after reset until a reference input.

Certain aspects of the present disclosure provide a method
of learning delays in a spiking neural network. The method
generally includes delaying input by a current input delay
wherein input is in the form of a spike occurring at time
relative to a first reference; determining a current firing delay
as an output spike time relative to a second reference; com-
puting a difference between a target firing delay and the
current firing delay; and adjusting the input delay by an
amount depending on the difference between the target firing
delay and the current firing delay, the current input delay, and
the input spike relative time and a learning rate.

Certain aspects of the present disclosure provide a method
for operating a spiking neural network. The method generally
includes determining an input spike time of an input spike at
a neuron model, the input spike time relative to a first refer-
ence time; determining a first output spike time for an output
spike relative to a second reference time in the presence of a
plurality of input spikes, the output spike time based on the
input spike time relative to the first reference time; and deter-
mining a second output spike time for the output spike relative
to the second reference time in the absence of the plurality of
input spikes based on a depolarization-to-spike delay of the
neuron model.

Certain aspects of the present disclosure provide a method
for operating a spiking neural network. The method generally
includes sampling a value at a first reference time; encoding
the sampled value as a delay; and inputting the value to a
neuron model by generating an input spike at a time delay
relative to a second reference time.

BRIEF DESCRIPTION OF THE DRAWINGS

So that the manner in which the above-recited features of
the present disclosure can be understood in detail, a more
particular description, briefly summarized above, may be had
by reference to aspects, some of which are illustrated in the
appended drawings. It is to be noted, however, that the
appended drawings illustrate only certain typical aspects of
this disclosure and are therefore not to be considered limiting
of its scope, for the description may admit to other equally
effective aspects.

FIG. 1 illustrates an example network of neurons in accor-
dance with certain aspects of the present disclosure.

FIG. 2 illustrates a transformation from the real-valued
domain to the spike-timing domain, in accordance with cer-
tain aspects of the present disclosure.

FIG. 3 is a timing diagram illustrating the relationships
between relative times and shifted time frames, in accordance
with certain aspects of the present disclosure.

FIG. 4 is a block diagram of a neuron model illustrating
dendritic delays, in accordance with certain aspects of the
present disclosure.

FIG. 5 illustrates an exponentially growing membrane
potential and firing of a neuron, in accordance with certain
aspects of the present disclosure.

FIG. 6 is a block diagram of the architecture for a single
anti-leaky-integrate-and-fire (ALIF) neuron model, in accor-
dance with certain aspects of the present disclosure.

FIG. 7 is a timing diagram and associated pre-synaptic and
post-synaptic neurons illustrating the difference between
non-self-referential post-synaptic neuron (NSR-POST) ref-
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6

erence time and a self-referential (SR) reference time, in
accordance with certain aspects of the present disclosure.

FIG. 8 illustrates all possible combinations of positive and
negative values and positive and negative scaling values lead-
ing to excitatory and inhibitory inputs on a neuron, in accor-
dance with certain aspects of the present disclosure.

FIG. 9 illustrates representing a negative value with a neu-
ron coding [-x,(t)], positively and connected as an inhibitory
input, in accordance with certain aspects of the present dis-
closure.

FIG. 10 is aflow diagram of example operations for scaling
a scalar value using a neuron model, in accordance with
certain aspects of the present disclosure.

FIG. 11A illustrates example input values over time, output
values over time, and linearity when scaling a scalar input on
a single dendritic input of a single neuron model using a
temporal resolution of 0.1 ms, in accordance with certain
aspects of the present disclosure.

FIG. 11B illustrates example input values over time, output
values over time, and linearity when scaling a scalar input on
a single dendritic input of a single neuron model using a
temporal resolution of 1.0 ms, in accordance with certain
aspects of the present disclosure.

FIG. 12A illustrates example input values over time, output
values over time, and linearity when scaling scalar inputs on
ten dendritic inputs of a single neuron model using a temporal
resolution of 0.1 ms, in accordance with certain aspects of the
present disclosure.

FIG. 12B illustrates example input values over time, output
values over time, and linearity when scaling scalar inputs on
ten dendritic inputs of a single neuron model using a temporal
resolution of 1.0 ms, in accordance with certain aspects of the
present disclosure.

FIG. 13A illustrates example input values over time, output
values over time, and linearity when scaling scalar inputs on
ten dendritic inputs of a single neuron model using a temporal
resolution of 1.0 ms, using both positive and negative scaling
values, in accordance with certain aspects of the present dis-
closure.

FIG. 13B illustrates example input values over time, output
values over time, and linearity when scaling scalar inputs on
ten dendritic inputs of a single neuron model using a temporal
resolution of 1.0 ms, using both positive and negative scaling
values, but erroneously omitting the flip to inhibition for
comparison with FIG. 13A, in accordance with certain
aspects of the present disclosure.

FIG. 14 illustrates example input values over time, output
values over time, and linearity when scaling scalar inputs on
ten dendritic inputs of a single neuron model using a temporal
resolution of 1.0 ms, using both positive and negative scaling
values and a noise term added to the membrane potential of
the neuron model, in accordance with certain aspects of the
present disclosure.

FIG. 15 illustrates providing the same reference to two
neurons, in accordance with certain aspects of the present
disclosure.

FIG. 16 illustrates a feed-forward case of using a reference
for two neurons, in accordance with certain aspects of the
present disclosure.

FIG. 17 illustrates a feedback case of using a reference for
two neurons, in accordance with certain aspects of the present
disclosure.

FIG. 18 illustrates a propagating reference wave for a series
of neurons, in accordance with certain aspects of the present
disclosure.
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FIG. 19 illustrates an example timing diagram for the series
of'neurons having the propagating reference wave of F1G. 18,
in accordance with certain aspects of the present disclosure.

FIG. 20 illustrates using an example g-neuron, in accor-
dance with certain aspects of the present disclosure.

FIG. 21 illustrates linearity graphs for 1,2, 4, 8, 16, and 32
inputs to a neuron model, in accordance with certain aspects
of the present disclosure.

FIG. 22 is a flow diagram of example operations for emit-
ting an output spike from a neuron model based on relative
time, in accordance with certain aspects of the present disclo-
sure.

FIG. 22A illustrates example means capable of performing
the operations shown in FIG. 22.

FIG. 23 illustrates an input spike that may likely influence
firing of a post-synaptic neuron and another input spike that
will not, in accordance with certain aspects of the present
disclosure.

FIG. 24 illustrates five representative pre-synaptic neurons
and a post-synaptic neuron, in accordance with certain
aspects of the present disclosure.

FIGS. 25A and 25B illustrate example results of learning
coefficients for a noisy binary input vector, in accordance
with certain aspects of the present disclosure.

FIG. 26 illustrates example results of learning coefficients
for a noisy binary input vector in graphs of the delays and the
weights for each of the inputs, in accordance with certain
aspects of the present disclosure.

FIG. 27 illustrates example results of learning coefficients
for a noisy real-valued input vector, in accordance with cer-
tain aspects of the present disclosure.

FIG. 28A is a graph of the delays after the first iteration for
a logical OR relation, in accordance with certain aspects of
the present disclosure.

FIG. 28B is a graph of the delays after the first iteration for
a logical AND relation, in accordance with certain aspects of
the present disclosure.

FIG. 29A is a graph of the delays after a number of itera-
tions for a logical OR relation, in accordance with certain
aspects of the present disclosure.

FIG. 29B is a graph of the delays after a number of itera-
tions for a logical AND relation, in accordance with certain
aspects of the present disclosure

FIG. 30 illustrates the convergences (as a function of the
number of iterations) for learning the logical relations, in
accordance with certain aspects of the present disclosure.

FIG. 31 illustrates implementing both negation and
ensemble deduction for learning in a spiking neural network,
in accordance with certain aspects of the present disclosure.

FIG. 32 is a flow diagram of example operations for learn-
ing in a spiking neural network, in accordance with certain
aspects of the present disclosure.

FIG. 32A illustrates example means capable of performing
the operations shown in FIG. 32.

FIG. 33 is a flow diagram of example operations for causal
learning in a spiking neural network, in accordance with
certain aspects of the present disclosure.

FIG. 33 A illustrates example means capable of performing
the operations shown in FIG. 33.

DETAILED DESCRIPTION

Various aspects of the disclosure are described more fully
hereinafter with reference to the accompanying drawings.
This disclosure may, however, be embodied in many different
forms and should not be construed as limited to any specific
structure or function presented throughout this disclosure.
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Rather, these aspects are provided so that this disclosure will
be thorough and complete, and will fully convey the scope of
the disclosure to those skilled in the art. Based on the teach-
ings herein one skilled in the art should appreciate that the
scope of the disclosure is intended to cover any aspect of the
disclosure disclosed herein, whether implemented indepen-
dently of or combined with any other aspect of the disclosure.
For example, an apparatus may be implemented or a method
may be practiced using any number of the aspects set forth
herein. In addition, the scope of the disclosure is intended to
cover such an apparatus or method which is practiced using
other structure, functionality, or structure and functionality in
addition to or other than the various aspects of the disclosure
set forth herein. It should be understood that any aspect of the
disclosure disclosed herein may be embodied by one or more
elements of a claim.

The word “exemplary” is used herein to mean “serving as
an example, instance, or illustration.” Any aspect described
herein as “exemplary” is not necessarily to be construed as
preferred or advantageous over other aspects.

Although particular aspects are described herein, many
variations and permutations of these aspects fall within the
scope of the disclosure. Although some benefits and advan-
tages of the preferred aspects are mentioned, the scope of the
disclosure is not intended to be limited to particular benefits,
uses or objectives. Rather, aspects of the disclosure are
intended to be broadly applicable to different technologies,
system configurations, networks and protocols, some of
which are illustrated by way of example in the figures and in
the following description of the preferred aspects. The
detailed description and drawings are merely illustrative of
the disclosure rather than limiting, the scope of the disclosure
being defined by the appended claims and equivalents
thereof.

An Example Neural System

FIG. 1 illustrates an example neural system 100 with mul-
tiple levels of neurons in accordance with certain aspects of
the present disclosure. The neural system 100 may comprise
a level of neurons 102 connected to another level of neurons
106 though a network of synaptic connections 104. For sim-
plicity, only two levels of neurons are illustrated in FIG. 1,
although fewer or more levels of neurons may exist in a
typical neural system.

As illustrated in FIG. 1, each neuron in the level 102 may
receive an input signal 108 that may be generated by a plu-
rality of neurons of a previous level (not shownin FIG. 1). The
signal 108 may represent an input (e.g., an input current) to
the level 102 neuron. Such inputs may be accumulated on the
neuron membrane to charge a membrane potential. When the
membrane potential reaches its threshold value, the neuron
may fire and generate an output spike to be transferred to the
next level of neurons (e.g., the level 106).

The transfer of spikes from one level of neurons to another
may be achieved through the network of synaptic connections
(or simply “synapses”) 104, as illustrated in FIG. 1. The
synapses 104 may receive output signals (i.e., spikes)
from the level 102 neurons (pre-synaptic neurons relative
to the synapses 104). For certain aspects, these signals
may be scaled according to adjustable synaptic weights
w, D w D (where P s a total number of synaptic
connections between the neurons of levels 102 and 106). For
other aspects, the synapses 104 may not apply any synaptic
weights. Further, the (scaled) signals may be combined as an
input signal of each neuron in the level 106 (post-synaptic
neurons relative to the synapses 104). Every neuron in the
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level 106 may generate output spikes 110 based on the cor-
responding combined input signal. The output spikes 110
may be then transferred to another level of neurons using
another network of synaptic connections (not shown in FIG.
1).

The neural system 100 may be emulated in software or in
hardware (e.g., by an electrical circuit) and utilized in a large
range of applications, such as image and pattern recognition,
machine learning, motor control, and the like. Each neuron
(or neuron model) in the neural system 100 may be imple-
mented as a neuron circuit. The neuron membrane charged to
the threshold value initiating the output spike may be imple-
mented, for example, as a capacitor that integrates an electri-
cal current flowing through it.

Example Spiking Neural Computation

Various methods for designing neural networks have been
proposed. For example, a method of engineering or synthe-
sizing neural simulations was recently proposed by Eliasmith
and Anderson using a Neural Engineering Framework (NEF).
See, e.g., Chris Eliasmith & Charles H. Anderson, Neural
Engineering: Computation, Representation, and Dynamics
in Neurobiological Systems, MIT Press (2003), http://comp-
neuro.uwaterloo.ca and Chris Eliasmith, 4 Unified Approach
to Building and Controlling Spiking Attractor Networks,
Neural Computation 17, 1276-1314 (2005). This method
relies on representing an encoded value in the activities {a,}
of a set of neurons (indexed by 1). A value may be estimated
by linear function of the activities,

= Zai¢r

i

In order to represent the value, the activities of the neuron
population must be sufficiently diverse such that there exists
aset {¢,} that can estimate the value from those activities. For
example, if all neurons have the same dynamics, the activities
may be insufficiently diverse to obtain an accurate or precise
representation of the value.

Neuron firing rate may be used as the neuron activity
measure. However, it was proposed that a temporal code may
be incorporated by expressing the activity as a filtered spike
train:

ay=h{D)*y 1)

where y,(1) is a binary value (1 representing a spike and 0
representing no spike). But for conservation of significant
information, this relies on having a post-synaptic filter h (t)
per synapse and that h(t) has a significant time constant.
Eliasmith and Anderson actually assumed that the dynamics
of the post-synaptic filter dominate the dynamics of a neu-
ron’s response and modeled the filter with time constant © as

1
)= —e"
T

Effectively, this converts a Boolean time series y (t) into a
real-valued time series a,(t) similar to a firing rate. Unfortu-
nately, this results in information loss (or from another per-
spective, the resolution of the represented values are limited).
This may be compensated for by increasing the neuron popu-

10

15

20

25

30

35

40

45

50

55

60

65

10

lation size. Finally, the method uses synaptic weights to lin-
early transform inputs to achieve a desired function (assum-
ing it is other than identity).

A full neural description for NEF includes: (1) post-syn-
aptic filters h(t) of the form described above for each input
neuron i to each neuron j, (2) synaptic weights w,; for each
input neuron i to each neuron j to decode the inputs, (3)
synaptic weights to re-encode the inputs, and (4) the soma
dynamics.

However, there are a number of problems with this method.
First, it is an inefficient solution in spiking neuron form
because the method can be applied merely using firing rates.
In other words, what is the motivation to use a spiking neural
network if a rate-based neural network can be used? The
method merely converts Boolean sequences into real-valued
sequences. Second, the method is computationally complex,
requiring post-synaptic filters per synapse and encoding and
decoding transformations and weights. Third, a diverse popu-
lation of neurons must be used to represent a system because
there must be sufficient basis for the encoding/decoding to
represent the value-space. This means that a system requires
neurons with different tuning curves (firing rates as a function
of'input). Fourth, learning is an open problem.

Similarly, other prior methods have represented informa-
tion in the firing rate of a neuron or in the firing activity of a
population of neurons. This population coding type of
scheme is often used with probabilistic firing models of neu-
rons (such as Poisson firing neurons). These types of schemes
require windows of observations of the spiking behavior to
determine the population coded average firing rate, which
represent the information. The probabilistic methods are also
inherently noisy even before introducing external noise and
thus at a disadvantage. None of these schemes solves the
problems because of this use of firing rate as the code, use of
precise weights, and complex computational schemes.

Accordingly, what is needed are techniques and apparatus
for implementing a highly efficient, biologically consistent
spiking neural network that applies universally. Conse-
quently, three key problem areas are presented in the above
statement: efficiency, biological consistency, and universality
or generality.

As used herein, the term “efficiency” generally refers to, a
neuron computation system that does not require multiple
neurons or neuron populations to compute basic scalar func-
tions and does not require significant time to observe outputs,
convert, and average out the output to obtain firing rate values.
The neuron should also be computationally non-complex, be
non-probabilistic, and not require computation of filters or
precise floating point computations.

As used herein, the term “biologically consistent” gener-
ally means that the neuron dynamics and connection process-
ing should be biologically motivated (realistic) and not
merely specified by engineering or computational conve-
nience. Moreover, information should ideally be coded in the
spiking of neurons rather than their average firing rate. Neu-
ron parameters, and parameter ranges, such as synaptic
strength distribution, should likewise be biologically consis-
tent.

As used herein, the term “universal” generally refers to a
neural computational system equivalent to general computa-
tional or control systems. Such systems may be modeled as a
linear system or a combination of linear subsystems. Any
linear system may be described by the equations

X(6)=Wx(t) or x(t+A0)=Wx(1)

This formulation of a linear system is general in that the
vectors X may include inputs, internal state variables, or out-
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puts (typical formulations of the first type separate inputs and
states by expressing X(t)=Ax(t)+Bu(t)). Any linear control
system may be expressed in these terms (although some of the
matrix W entries may be zero depending on the system so
“inputs” may be updated by external event rather than by the
equation itself). Fundamentally, one is thus concerned with
the element

X(H=wx(2) or X (t+AL)=wx(1)

which expresses the dynamics of each element of the vector x.
Although aspects of the present disclosure are not limited to
a linear system, this is a very general framework in which to
describe certain aspects because the linearity can be replaced
by desired non-linear functions, or the linearity can be used to
model nonlinear functions with linear system models.

Aspects of the present disclosure include a method for
spiking neural networks. However, weights are unnecessary.
In other words, a connection may either exist (significant
synapse) or not (insignificant or non-existent synapse). Cer-
tain aspects of the present disclosure use binary valued inputs
and outputs and do not require post-synaptic filtering. How-
ever, certain aspects of the present disclosure may involve
modeling of connection delays.

According to certain aspects of the present disclosure,
using the methods described herein, any linear system may be
efficiently computed using spiking neurons without the need
for synaptic weights or post-synaptic filters, and information
is coded in each individual spike. Information may be coded
in the relative timing of each spike so there is no need to
accumulate activity to determine information in rates. Neuron
spike response time may be computed directly (determinis-
tic), in discrete or continuous time, in an event-based manner,
thus further saving on computation and memory access.
Because a single neuron can represent a linear transformation
of arbitrary precision, certain aspects of the present disclosure
may use the minimal number of neurons for any set of vari-
ables. Moreover, certain aspects do not require neurons with
different tuning curves to retain fidelity. Certain aspects of the
present disclosure also do not require probabilistic firing or
population coding. Certain aspects may also be interfaced
with neurons that classify temporally coded patterns. In other
words, certain aspects of the present disclosure may be used
to compute transformations of input, which may then be used
to classify or recognize aspects of the input. Conversely,
responses of neurons to temporal patterns may be supplied to
a set of neurons operating according to the certain aspects.

Certain aspects of the present disclosure exhibit behavior
that is biologically consistent. For example, certain aspects do
notuse synaptic weights. Either there is a connection between
neurons, or there is not. In biology, dendritic spines tend to
either grow into synapses of nominal strength (depending on
location) or disappear. As another example, certain aspects
use a propagating reference frame wave to convert informa-
tion coded in time from a self-referential form to a non-self-
referential form. In biology, local oscillations between exci-
tation and inhibition have been observed, including offsets
between different cortical areas. As yet another example,
certain aspects use a neuron model that is at or close to a
depolarization threshold above which the neuron’s mem-
brane potential increases even without further input. Biologi-
cal neural circuits may operate at or near this depolarization
threshold, as well.

Certain aspects of the present disclosure may also be used
with probabilistic or deterministic firing models. And, noise
may be added (tolerated) on top of either of these model types.
Since such models may be operated in an underlying deter-

10

15

20

25

30

40

45

55

60

65

12

ministic mode (absent noise), these models may perform fast
and reliable computations and gracefully handle the addition
of noise.

Certain aspects of the present disclosure may also reduce
power consumption because they include an event-based or
scheduled neuron method in which the cost of computation
may be independent of the temporal resolution. This may also
explain how/why biological brains make use of sparse coding
for efficient power consumption.

Another advantage for certain aspects of the present dis-
closure is that these aspects may operate in asynchronous or
synchronous modes or forms. In asynchronous form, the sam-
pling rate may be proportional to the significance of the input.
When input is negligible or low, the sampling rate may be low,
thus saving power and resources. When the input is signifi-
cant or large, the sampling rate may increase, thus increasing
both precision and response time.

These and additional advantages will become apparent in
the description that follows. Note that many of the advantages
for aspects of the present disclosure may be expressed in
terms of the lack of a particular disadvantage for other con-
ventional methods and neuron models.

Coding Information in Relative Time

Suppose that information may be encoded in the relative
time between spikes of a neuron or in the relative time
between spikes of one neuron and another (or even more
generally, as will become apparent later, between the spike of
one neuron and some reference time). In certain aspects,
information may be represented in the relative timing
between spikes in two basic forms: (1) the relative time
between consecutive spikes of the same neuron; and (2) the
relative time between a spike of one neuron and a spike of
another neuron (or reference).

Strictly speaking, in the first case the relative time need not
be between consecutive spikes, and in the second case the
relative time need not be between the pre-synaptic neuron and
the post-synaptic neuron. Regardless, let this relative time be
T such that it is related to value x as follows,

x=q " orv=-log,x

Effectively, the relative time is the logarithm in base q of
the value. The above transformation converts relative time
(spike timing) domain to/from real-valued (variable) domain.
Thus, any scaling of the value is merely a time difference in
the relative time,

XWX T AT,

where At;=-log, w,. Thus, a value represented in the delay
between spikes may be scaled by an arbitrary amount by
merely adding a delay.

FIG. 2 illustrates a transformation from the real-valued
domain 200 to the spike-timing domain 210, in accordance
with certain aspects of the present disclosure. In the real-
valued domain 200, output value x; of neuron j 202 is scaled
by w to obtain output value x, of neuron k 204. In the spike-
timing domain 210, delay z is added to relative time T, of
neuron j 202 to determine relative time T, of neuron k 204.

Note that in a causal system, time delays are positive.
However, scaling a value by a factor of less than one may be
achieved by shortening the delay between the spikes by an
arbitrarily large nominal amount and then adding back an
amount sufficient to achieve the overall scaling At,'=-T+
Ay, or

,
T T+ATy,
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How this may be done with neurons will be explained in
detail further below. For the moment, it may be assumed that
any arbitrary scaling may be achieved using this concept if
any scaling equal to or larger than one may be achieved. In a
practical network, relative time delays may be limited to a
certain maximum (given by a nominal neuron firing rate in the
absence of input or by the maximum delay that can be
incurred by a connection from one neuron to another). This
may not limit the scaling that may be achieved because a
desired value range may be covered by scaling the underlying
values.

Converting between forms of relative timing may include:
(1) converting a relative time T, between consecutive spikes of
the same neuron i to a relative time T, between spikes of
neuron j and neuron k (or reference k); and (2) converting a
relative time T, between spikes of neuron j and neuron k (or
reference k) to a relative time T, between consecutive spikes of
the same neuron i.

The difference between a self-referential relative time T,
and a non-self-referential relative time T, may be seen by
considering spike trains. Let the spiking output of a neuron j
be described by y (1),

v = o-r)

where s is the index of spike (1%, 2%, 3" and so forth). Thus,
y,(t) is merely a binary sequence. The relative time between
consecutive spikes of neuron j is

rj(s):zj‘—zj“
However, the relative time between spikes s of neuron j and r
of neuron k (or reference k) is

Tl P)=L -0

Now, suppose output y,(t) from neuron j is submitted as an
input to neuron k. Ifat a time t that is subsequent to processing
ofall input spikes prior to spike s, then only spike s may be of
concern, so,

Y (0=08(1-17)

Now, the time may also be shifted to an arbitrary reference
time t, where t=t +t'. Now, in the shifted time,

POy 4Dt 41 =0T, )

Now, applying the same time shift to the spike
and using the short hand t,,=t,,’, one obtains

v

s s
5 ‘er :tj —t

Y ()=8(t;,)

FIG. 3 is atiming diagram 300 illustrating the relationships
between relative times and shifted time frames, as described
above. From the timing diagram 300 and the equations above,
it may be seen that any spike train input from one neuron to
another may be considered in terms of the timing of the next
spike relative to a reference time and accounting for delay in
the connection. These concepts of relative time and time
reference shifting will be central to the explanation of certain
aspects of the present disclosure below.

General Spiking Neural Systems

Many biologically consistent models of neurons have been
proposed. One spiking neuron model that is particularly bio-
logically consistent and flexible is the Izhikevich simple
model described by the following pair of differential equa-
tions,
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dv_ ol
T =c1(v=v)(v=v) —cu+ o3l

du
e cales(v —v,) —u)

and the spiking condition,
ifv()>vg—=p(D)=1,v(t+€)=V,, u(t+e)=u(t)-cq

where ¢,’s are neuron parameters (derived from conductance,
etc.) and v,, v,, and v, are membrane voltage thresholds, I is
the net input at time t, and where generally vg>v>v, and
generally v>v, other than in a refractory time period. The
output y(t)=0 if the spiking condition is not met. However, the
voltage equation operates in two domains: (1) v<v, where the
neuron operates like a leaky-integrate-and-fire (LIF) neuron;
and (2) v>v, where the neuron operates like an anti-leaky-
integrate-and-fire (ALIF) neuron.

Note that when v<v,, the larger the magnitude of the dif-
ference v—v,, the smaller the magnitude of the difference v—v,.
so that the two may be considered to balance one another.
Moreover, without loss of generality, one may set v,=0 and
scale the parameters according to ¢, c,, and c, so that one
may simplify and write for v<v,,

dv

=pv—yu+l
ar o

where p<0. Here, the voltage domain has been shifted by the
amount v, without loss of generality. In contrast, when v>v,,
the term (v-v,) grows with a larger slope than (v-v,), and
thus, one may be motivated to simplify and write for v>v,,

dv

=pv—yu+l
ar o

where p>0. The key is that the sign of p is flipped so that the
voltage grows and grows increasingly faster.

In general, given any background input activity, input noise
level, or prior spikes, any given spike may tip the balance
from v<v, to v>v,. The above generalization reflects that a
neuron level may be maintained within a margin of this bal-
ance so one may generalize and set v, =0 initially (after spik-
ing or after a refractory period following a spike). However,
due to these generalizations, to reconcile the voltages in the
two different domains may most likely entail a compensation
computation to convert between them (i.e., when v reaches a
threshold v in the p<0 domain, v is converted to v=v—v=0 in
the p<0 domain and vice versa). Although this is straightfor-
ward to do, it is unnecessary for the aspects of this disclosure
because there may be no need to move between domains, as
will become apparent later. It may also be observed that for
particular parameter settings of c,, c,, and cs, the state vari-
able u may have negligible contribution to these dynamics so
one may generally simplify to

=pv+1
dr P

Effectively, one can see that the Izhikevich simple model
may be simplified to (i.e., modeled as) a leaky or anti-leaky-
integrate-and-fire (ALIF) neuron depending on the domain of
operation. Moreover, if no post-synaptic filtering and no
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weights are assumed, the input spikes may be used as the
inputs to neuron k subject to some connection delays (such as
dendritic or axonal delay), such that

I = Z Yot = Aty)
t

FIG. 4 is a block diagram 400 of a neuron model 410
depicting the connection delays as dendritic delay lines, in
accordance with certain aspects of the disclosure. The den-
dritic input lines for inputs y, are coupled to dendritic delay
elements 412 representing connection delays for each input
y,. The delayed inputs are then summed (linearly) by the
summer 414 to obtain .

Now, assume that superscript + represents the p>0 domain
and superscript — represents the p<0 domain. For the anti-
leaky domain for neuron k,

dvi®
i - Prvim + Z[: Yo et — AT gone)

where c™(k, 1) is the index of the pre-synaptic neuron corre-
sponding to synapse 1 for post-synaptic neuron k. Such a
neuron will typically have an exponentially growing mem-
brane potential, beginning at a reference time t, when the
potential is bumped up above zero (i.e., above zero by some
amount or threshold).

For example, FIG. 5 illustrates such an exponentially
growing membrane potential and firing of a neuron with
respect to time. In FIG. 5, the y-axis 504 represents the
membrane potential of the neuron, and the x-axis 502 repre-
sents time. As shown, when, at reference time t,, the mem-
brane potential of the neuron is above zero by a certain
amount, the potential grows exponentially. After this point,
the neuron will typically fire unless there are inhibitory inputs
sufficient to bring the potential back to zero or below. Typi-
cally, excitatory inputs will merely cause the neuron to fire
sooner. For example, as shown in FIG. 5, an input from
neuron j at time t, causes the neuron to fire sooner. This is a
general formulation. For example, one could set the reference
time to the time the neuron fires. Then, upon firing the neuron
merely has the voltage reset to a small value above zero
immediately.

One may write equivalently using indices of the pre-syn-
aptic neurons

avim _
dr

HG) +Zyj(f—ATjk)
J

Taking the Laplace transform, one may obtain

T jk +AT k

Vk([k)+z

Vis) = S_p+

where according to the generalization v,*(t,")=0. For the
moment, a reference time may be used that is actually the last
spike of the neuronk, so y ()=d(t-t,” ;). Taking the inverse
Laplace transform in shifted time t,=t-t,~ yields
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(T +raTi))

k*Ark }

vi(Te) = vi @t )ep o+ Z

el S

Solving for T,

1
= —logvk (t3) — —log[vk L)+ Z

J

Jk+Ar k)}

Manipulation yields,

_/k +AT k

V;(Tk)€7p+rk =viE)+ Z
Defining q=e®",

I]Tk 1Yk
= =Awy + w-k(—]
(q 2 q

i

where wjk:e"p+A‘f’”Vk('ck) and Aw,=v,(t,7)/v,(Ty).
In discrete time form with temporal resolution At,

vi (0 = (1 +Arp)vi (1 — A +Zyj([—A[—ATjk)
J

+)1/At,

Defining q=(1+Atp

Vi) = M (1 - An) +Zyj([—A[—ATjk)
J

In non-recursive form in shifted time T,=t-t,~,
vi(Tdg e = v + Z g Ry, — (e 4 At
7
Supposing a spike occurs at self-referential time T,, and

assuming all inputs considered (i.e., without loss of general-
ity) occur before that spiking time,

(G = Zeaz)”

where w;=q ~A% *(1,), and Aw,=v, (1,7, ().
As described above, a desired linear system may be
expressed as follows:

%O =Y 0pxin+m
J

and a transformation from value to time may be expressed as
x=q " or T=—log, x. Accordingly, a single neuron k may be
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utilized in an effort to compute the desired linear result by the
conversion

Tmlog, X
T=—log, x;

To minimize m,, which is nominally modeled by n,=Aw,,
one typically desires Aw,—0 or that the neurons spike thresh-
old v (t,)>>v,(t,". Minimizing 7, is not strictly necessary,
but it promotes a motivation for a precise mapping.

To implement a desired operation, one may simply set the
delays,

ATjk:—logq(mjka+(Tk))

Without a loss of generality, one may set v, (t,”)=vg=1, s0
that Aw,=1/v,*(t,)=1/ve, and thus, one may control the mini-
mally required size of the n, term by choosing a sufficiently
large spiking threshold.

Also note that this single neuron k may process real-valued
operations with infinite resolution if given infinite time reso-
Iution (i.e., At—0) in which case q:e‘f. However, in practice
this may not be necessary. Note that this is not necessarily
undesirable because operating in continuous time does not
require continuous updates. One may most likely only update
equations on events (inputs or spikes, and these events may be
computed given the un-nested expressions provided above).
Nevertheless, for a discrete time system operating in time
steps At>0,

g=(1+Ap)V™

And as the base of the logarithm for the conversion between
values and relative times, q impacts how temporal resolution
will impact value resolution in log scale. In turn, this depends
on the parameter p* which is subject to p*>0.

Finally, this may be labeled as neuronal operation t,=g,*
({T4},)- In the spike-timing domain,

1\
g,:’({-rjk}j) =1 = —logq[Awk +Zj:wﬂ<(;1] F; }
But in the value-domain,
gilbe)) =00 = 3 w0+
J

This operation may not actually be computed, but rather, an
equivalent computation is carried out by a spiking neuron
governed by the differential equation,

dvi@ _
2l vk(z)+;yjk(z>

where
Yi(D=y1-ATy)
and spiking condition,

Vi (OVe=ViT) 2y D=1V, (1+€)=ve=v, (1)

If there is no input, the neuron will fire at

.
4 il v
W=l = %,

Thus, the maximum non-self-referential input time (for the
input to affect the soonest spiking time) is T,=t,* (assuming
minimum delays). Similarly, for delays: At <t,™. Thus,

+iAr +
Wz=e™® Vg or ;=g Ivg
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Conversely, the smallest non-zero time delay in a discrete
time system with resolution At is At. Thus, for a non-zero
effect,

wy=e M vg or wy=gtvg

Similarly, the output of a neuron (if non-zero/not-instanta-
neous) is limited in range to [At, t,*']. Thus, the coded value is
in the range,

g sxsg!
It may be noted that a valye of x,=1 yields an input delay O

and that a value of xk:q"’;EO yields an input delay of t,*".
Thus, one may generally operate with inputs in the range
[0,1]. However outputs may be offset by Aw, and be, at most,
N/qve (for N inputs) because of the weight range. Thus, the

meaning of outputs may be arbitrarily redefined as follows:

’

(X —Awy)ve
Xy = ——————

= N
N Xvg |

What this means in terms of feeding output of one neuron to
the input of another neuron will be explained in the descrip-
tion below.

In summary, a neuronal framework for universal computa-
tion of a linear expression—which is powerful enough to
compute a value of arbitrary precision with a single neuron
given sufficient temporal resolution—has now been pro-
vided. The neuron is an anti-leaky-integrate-and-fire (ALIF)
neuron, which has a voltage reset to a nominal setting above
zero after spiking or after a refractory period. The neuron’s
synapses have no weights and no post-synaptic filters. How-
ever, the connections have delays. FIG. 6 is a block diagram
600 of the architecture for a single anti-leaky-integrate-and-
fire (ALIF) g,* neuron k, in accordance with certain aspects
of the disclosure.

A simulation or implementation of the neuron may be
conducted in continuous time or discrete time. The discrete
time operation may proceed step-by-step by iteration of the
above discrete time equation (s). However, continuous time
(and discrete time) implementation may also be executed in
an event-based manner as follows upon an input event occur-
ring at time t:

1. Update the neuron state variable v,*(t) based on the state

at the previous event time t,”*”, using either the continu-
ous time or discrete time equations,

Vk+(l):9p+(t’tkla5t)\’k+(lklm') or VI:(Tk):q(titklm)\’f(lklas')
2. Add the input,

Vi (= (H+1 (for excitatory)

v (©)=v, (#)-1 (for inhibitory)

3. Check for spike, if v, *(t)zvg, then y,(1)=1 and reset

+ -

v, (H)=vg. o

4. Schedule events for each neuron i with a synapse from
neuron k at time t+At,,

5. Check when the neuron will fire without further input
using either the continuous time or discrete time equa-
tions,

5 =t+log(Ve/viH(0)/pt or

" =t+log (ve/v, (1)) p*

6. Reschedule the currently scheduled firing-absent-fur-
ther-input event to time t,”**. Note that if the neuron will
not fire without further input, the time t,"** may effec-

tively be set to infinity or some sufficiently large number
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or indicator thereof (alternatively to a time in the past so
that it will never be executed).
7. Upon a firing-absent-further-input event, sety,(t)=1 and
reset v, (1)=vq
Note that if operating in discrete time, the scheduled times
of'events may be either rounded or otherwise converted to the
nearest multiple of the time resolution At, for example,

1 =cell (1A AL

As described above, the information in the input is coded in
the time difference (t;) of spikes between the input spike
time 702 and the prior output spike time 704 of the post-
synaptic neuron (e.g., neuron k) or non-self-referential form
relative to the post-synaptic neuron or (NSR-POST), as illus-
trated in FIG. 7. In contrast, the information in the output is
coded in the time difference (t;) between consecutive spikes
of the post-synaptic neuron or self-referential (SR) form.

The method described above may be generalized and may
use SR or NSR (whether NSR relative to the post-synaptic
neuron or some third neuron) for input or output forms. This
generalization is described in more detail below.

Converting Information for External Input or Output

Input may be provided to a synapse as a spike train y,(t).
However, a sensory input sequence is often in a real-valued
form x,(t). Such a sequence may be converted into a SR or
NSR spike train in several ways. First, basic forms are con-
sidered.
A sequence x,(t) may be converted to an SR temporally
coded spike sequence y(t) according to the following algo-
rithm:
1. Let t,~ be the last time neuron i spiked (arbitrarily ini-
tialized to 0) (i.e., set t,” to the previous value of t,*).

2. Compute t,~log, X,(t), where X (1) is a function of x,(t)
(such as the mean value) over a short time period T after
t,” (or alternatively a short time period T prior to t,7).

3. Let the time of the next spike be t,"=t,”+t,.

To perform the reverse conversion x,(t) may be set to
x,(t,”<t) until a spike occurs at time t. Then, set x,(t)=q™™
where T,~t-t,".

A sequence x,(t) may be converted to an NSR temporally
coded spike sequence y(t) according to the following algo-
rithm:

1. Let t,~ be the last time neuron k spiked (arbitrarily

initialized to 0) (i.e., set t,” to the previous value of t,*).

2. Compute T, =—log, X,(t), where X,(t) is a function of x,(t)

(such as the mean value) over a short time period T after
t,~ (or alternatively a short time period T prior to t,7).

3. Let the time of the next spike be t,"=t,~+T,;.

To perform the reverse conversion, x,(t) may be set to
x,(t,7<t) until a spike occurs at time t. Then, set x,(t)=q ™
where T, =t-t,”.

At this point, it may now be evident that a single neuron
may be used to implement a linear transformation from any
number of inputs to a single output. However, by using mul-
tiple neurons, any transformation from N inputs to M outputs,

Foud ) =W;,(1)

may be computed by M neurons with delays computed given
the rows of matrix W. Moreover, some of those outputs may
be fed back as inputs (i.e., there can be overlap).

Above, only the soonest spike that would occur for each
input frame has been considered. This is a subtlety in the
neuron model. Effectively, the ALIF neuron was modeled as
described above with an additional operation upon firing
(namely, when checking for a spike, if v, *(t)zvg, then y,(t)=1,
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reset v, (t)=vq, and clear all inputs y,(t.,,) for t_,.<t).
What this means is that upon firing, the neuron forgets about
any inputs that have not yet propagated to the soma. Thus, the
neuron will not fire again merely because of superfluous
inputs.

However, this is not strictly necessary. Alternatively, the
neuron may be allowed to fire again and merely accept an
occasional error. Another way to deal with this is to set up an
oscillation that drives the system in a frame-like mode where
only particular outputs are taken to have meaning. Another
way is to use inhibition to prevent firing for some time and
clear the system for the next computation. Thus, there are
many ways to get around this. The remainder of the disclosure
will continue using the above model.

It may also be noted that a different base (e.g., a different q)
may be used for every neuron if desired. For a single input,
assuming Aw,—0,

G () == AT AT
If a different parameter q is used for the input q, and the output
Do

Tp—logy, ¥,

T=—log X5

In the value domain, this not only provides another means of
scaling, but it also allows one to operate different neurons in
different ranges and interface them.

For certain aspects, an alternative to the above conversions
is to use a proxy neuron to convert real-valued input to either
SR spikes or NSR spikes (for this purpose any type of neuron
might be used).

Next, negative weights (coefficients) are considered. There
are no non-complex valued delays corresponding to negative
weights in the value domain. To apply a negative weight, the
input may be switched to inhibitory instead of excitatory. L.e.,
one may merely flip the sign. Recall

) )"
—| =Aw+ ) wil|-
(q k ZJ: ik P

where ;= ~A%v *(1,). Thus for a negative value of 0,1, Use

the absolute value of w,, to determine AT,
Aty=-log (10, v, (T;)

but then set the input to a negative value to achieve

1y ) arg e LY
(;1) =Aw; + Z sign(wp)g = /Vk (Tk)(a)
J

FIG. 8 illustrates all possible combinations of positive and
negative input values 802 and positive and negative scaling
values 804 leading to excitatory and inhibitory inputs 806,
808 on a neuron 810, in accordance with certain aspects of the
present disclosure.

However, a different problem is representing both negative
and positive values of the same variable. One way to over-
come this is to use the negative of the input instead of a
negative weight. Thus, the problem becomes one of creating
a negative input as well as a positive input.

*(O=[xD] - [xD].

However, each may only take on positive magnitudes (i.e., the
negative input cannot represent a double negative or positive
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value, and the positive input cannot represent a negative
value) or zero. Note that zero translates to an infinite (or very
large) relative input timing.

Now, the equivalent may be done to the above weight
negation to deal with a negative input with a positive weight.
The negative value may be represented with a neuron coding
[-x,(1)], positively and connected as an inhibitory input 808,
as illustrated in the upper diagram 902 of FI1G. 9. If both the
value and weight are negative, they cancel out, and one need
not do anything different. While the upper diagram 902 illus-
trates representing the positive and negative values for an
input neuron 906, the lower diagram 904 of FIG. 9 illustrates
representing positive and negative values for both an input
and an output neuron 908.

The key is to separate the domains (+ve) and (-ve) (if both
are involved) into separate representations for output and then
recombine them (using excitation and inhibition) upon input.
If the input is constrained to a particular domain (e.g., posi-
tive), then this separation need not be done.

Example A
Scaling a Scalar

Certain aspects of the present disclosure may be demon-
strated with a scaling example. In this example, a spiking
neuron may perform x,(t)=a,;x,(t). In other words, the desired
output is a scaled version of the input. This example uses an
all spiking network (all input and output is in the form of
spikes) in an asynchronous frame mode using the output
neuron’s spikes as the reference time. Recall that the time
resolution may be infinite (continuous) or discrete (whether
in fixed or variable steps).

FIG. 10 is a flow diagram of example operations 1000 for
scaling a scalar value using a neuron model, in accordance
with certain aspects of the present disclosure. The operations
1000 may begin with initialization at 1002 and 1004. At 1002,
synaptic delays At,, corresponding to the coefficients a,; for
the desired linear computation may be computed. At 1004,
the delays may be quantized to the temporal resolution At.
Thereafter, the operations 1000 enter a loop. At 1006, input
values x,(t) are sampled upon spiking of output neuron k. At
1008, values x,(t) are converted to spike times T,, relative to
the last spike of neuron k. At 1010, the input spike times are
quantized to the temporal resolution At. At 1012, the input
spikes are submitted to the soma of neuron k at time offsets
T, +AT,. At 1014, the output spike time T, of neuron k is
determined with resolution At.

Each iteration of the loop in the operations 1000 corre-
sponds to one output spike of the neuron k. Thus, the timing
is asynchronous because the frame duration depends on the
inter-spike interval of neuron k. When using this kind of
asynchronous frame (reference), the sampling rate of the
input is variable. Specifically, if the total input is large (value-
domain) so the input delays are small, the neuron k fires
earlier and, thus, samples the input again in a short time. The
converse occurs if the total input is small (value-domain).
Accordingly, the sampling rate of the input is proportional to
the magnitude of the output value. This has an advantage in
that significant input values are sampled more often, while
insignificant inputs tend to be sampled at a low or minimal
rate, thereby saving computational power and resources.

To see how this works, the desired scalar linear result may
be obtained with just a single spiking neuron k. As described
above, for initialization one may compute At;=-log,(v,*
(ty)). For this example, a discrete time system (instead of
continuous time) is used to demonstrate the effects of time
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resolution. Suppose for this example, At=0.1 ms and let
p*=0.1, arbitrarily small Aw,=0.01 with vo=1. This yields
ve=100 and a minimum neuron firing rate of about 21 Hz or
a period of 48 ms (absent any input). The parameter q=1.1.
The operable coefficient range is 0.0001 to 0.01. An arbitrary
coefficient a,, is chosen for this example (e.g., /2 of the coef-
ficient maximum), and a time offset sinusoid is submitted of
the form,

x,(D=(1+sinQaft+T.))/2

The output will be on a scale of 0.01 (due to Aw,) to a
maximum of 0.02, if a,;=V% is chosen.

FIG. 11A illustrates a graph 1102 of example input values
over time, a graph 1104 of output values over time, and a
linearity graph 1106 when scaling a scalar input on a single
dendritic input of a single neuron model using a temporal
resolution of 0.1 ms, in accordance with certain aspects of the
present disclosure. FIG. 11B illustrates a graph 1112 of
example input values over time, a graph 1114 of output values
over time, and a linearity 1116 when scaling a scalar input on
a single dendritic input of a single neuron model using a
temporal resolution of 1.0 ms, in accordance with certain
aspects of the present disclosure. As illustrated, the neuron
model is highly linear in the temporal coding domain. Of
course, the precision depends on the time resolution. So,
when the time resolution degraded by 10x, the errors due to
temporal resolution become noticeable in the output.

Example B
Linear Transformation

In this example, the same Example A is used, but more
inputs are added. The neural model desired is

X (1) = Z Ay %;(1)

i

The coefficients are set exactly as in the example above.
Ten inputs are used, and arbitrary coefficients are chosen
across the range, say fractions [0.50.650.550.50.390.59 0.4
0.81 0.87 0.35] of the maximum coefficient value. One may
use the same input format as the prior example (an offset
sinusoid), except offset each input by a different amount.
From trigonometry, one knows the result x, (t) is a scaled
sinusoid if the frequencies are the same, so this example uses
a different frequency for each input to make it more interest-
ing. A single neuron is used to compute this, and the synaptic
delays are assigned according to the coefficients, just as in the
example above, yielding delays 0f[6.94.3679.5539.22.1
1.4 10.5] in ms.

FIG. 12A illustrates a graph 1202 of example input values
over time, a graph 1204 of output values over time, and a
linearity graph 1206 when scaling scalar inputs on ten den-
dritic inputs of a single neuron model using a temporal reso-
Iution of 0.1 ms, in accordance with certain aspects of the
present disclosure. FIG. 12B illustrates a graph 1212 of
example input values over time, a graph 1214 of output values
over time, and a linearity graph 1216 when scaling scalar
inputs on ten dendritic inputs of a single neuron model using
a temporal resolution of 1.0 ms, in accordance with certain
aspects of the present disclosure. Note that when At=1 ms, the
synaptic delays also lose resolution and become [74 67105
921 11]. The sensitivity to time resolution decreases as one
adds inputs. This may be seen in the number of vertical bins
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of results in the linearity graph 1216 of FIG. 12B. Effectively,
the range of output timing becomes larger with more inputs.
The mean output error in time for the At=0.1 ms case was
below 0.01 ms and for the At=1 ms case was below 0.1 ms.
Basically, this means the neuron has an error of one time
resolution about 1 in 10 spikes.

Example C
Positive and Negative Coefficients

In this example, the same example as above is used, but
negative coefficients are included. Ten inputs are used, and
arbitrary coefficients are chosen across the range, say frac-
tions [0.50.65 0.55 0.5 -0.39 -0.59 0.4 0.81 0.88 0.35]. The
absolute values of these are used to compute the delays.
However, for negative valued inputs, the synapse is switched
to inhibitory.

FIG. 13 A illustrates a graph 1302 of example input values
over time, a graph 1304 of output values over time, and a
linearity graph 1306 when scaling scalar inputs on ten den-
dritic inputs of a single neuron model using a temporal reso-
Iution of 1.0 ms, using both positive and negative scaling
values, in accordance with certain aspects of the present dis-
closure. FIG. 13B illustrates a graph 1312 of example input
values over time, a graph 1314 of output values over time, and
a linearity graph 1316 when scaling scalar inputs on ten
dendritic inputs of a single neuron model using a temporal
resolution of 1.0 ms, using both positive and negative scaling
values, but erroneously omitting the flip to inhibition.

Example D
Noisy ALIF

Noise may be added to an ALIF model by adding a noise
term in any of various suitable ways. One simple way is to add
a noise term to the differential equation coefficient p*:

p'=p"+p.
This is an aggressive form of noise because as the membrane
potential gets larger, the same value for the noise term gen-
erates a larger and larger change in membrane potential.
However, this is arguably biologically consistent since this is
what would happen if a superfluous input hits the neuron
when this neuron is closer to firing.

In this example as illustrated in FIG. 14, the Example C
above is repeated (with positive and negative coefficients),
except the noise term above has been added, the noise term
having a Gaussian distribution with zero mean and standard
deviation 10% of the value of p*, assuming At=1 ms. The
noise term is assumed to be white (i.e., additive white Gaus-
sian noise (AWGN)).

FIG. 14 illustrates a graph 1402 of example input values
over time, a graph 1404 of output values over time, and a
linearity graph 1406 when scaling scalar inputs on ten den-
dritic inputs of a single neuron model using a temporal reso-
Iution of 1.0 ms, using both positive and negative scaling
values and a noise term added to the membrane potential of
the neuron model, in accordance with certain aspects of the
present disclosure. One can see that despite a significant noise
disruption to the linearity for any given time point in the
linearity graph 1406, on average, the neuron is able to follow
the linear transformation remarkably well, as illustrated in the
graph 1404.

Converting Relative Time References

This section addresses converting between the two relative
time forms, namely self-referential (SR) and non-self-refer-
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ential (NSR). Converting a self-referential (SR) time to a
non-self-referential post-synaptic neuron time (NSR-POST)
is of particular interest because the neuron model described
above (e.g., with respect to FIG. 7) accepts NSR-POST input
timing and outputs SR timing. To feed that neuron’s input to
another may most likely entail conversion. The distinction of
NSR sub-forms is one between whether the pre-synaptic
spike time is relative to the post-synaptic neuron spike time
(NSR-POST) or relative to a third neuron’s spike time (NSR-
THIRD).

A key insight is that the ALIF neuron model defined above
includes resetting the membrane potential v, *(t)=v, at the
time of spiking. However, this may just as easily be redefined
to resetting v, *(t)=v,, upon spiking, where v,=<0. Effectively,
this models a simple neuron in a sub-threshold condition,
until the potential is increased above zero by input. Without
loss of generality, one may set input magnitude to vg. Now, all
the SR output timing will get translated to NSR timing rela-
tive to the input which occurs first.

However, if the input which occurs first is designated as
input r, the temporal conversions may be controlled across
neurons because providing the same input r to two neurons
(one pre-synaptic and one post-synaptic) converts

gk+({1:jk}j):1:k

gk+({7jr}j):':kr
As an example, FIG. 15 illustrates providing the same input r
1502 to a pre-synaptic neuron 1504 and a post-synaptic neu-
ron 1506.

However, an actual reference need not even exist because
whichever input occurs first automatically provides a refer-
ence. The only prerequisite is that the information is coded in
the relative time difference between inputs. This may be
achieved in a variety of ways, including using lateral inhibi-
tion between inputs to create interdependence. Alternatively,
the reference may be driven by connecting all inputs as inputs
to the reference with one being sufficient to cause the refer-
ence to fire. Thus, the reference will fire as a function of the
first input firing. This solves the problem, as well, and also
provides a single element (the reference) as an indication for
relative readout of the output. FIG. 16 illustrates this feed-
forward case for a single input.

For certain aspects, feedback may also be used to accom-
plish the above as depicted in FIG. 17. Although this is a less
general case since the immediately downstream neuron is
used as the reference, it is a natural case to show because it
corresponds exactly to T, as input to compute T,.

The above modification (i.e., resetting the neuron’s poten-
tial to a value other than v, ) may be used for another purpose.
Suppose that upon spiking (or other reference time), instead
ofresetting v, (t)=vq let v, *(t)=v,. If v, >v this will advance
the next firing (i.e., decrease t,). Alternatively, if v,<vg this
will delay the next firing (i.e., increase T,). This is assuming
the configuration of the neuron remains as computed given v
(i.e., that the value of vg is not changed to equate to v, ). For
example, assuming there would have been no input between
the reference time and the hypothetical time the neuron poten-
tial would have reached v, if it had been reset to v (instead of
v,>Vg), the change in T, is given by

Ati=log (ve/v,)

The opposite (an increase) may be achieved by setting
v, <V, Recalling the definition of the value t,=-log, x,, the
effect of the above on the value is,

i e Atk
X =W =g
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or w,'=q~*%. Thus, one may arbitrarily alter the output of a
g, neuron by a factor w,' in the value domain simply by
adjusting the reset voltage v,

ATy el
Vi =Ved Wy

The g,* neuron may also operate in different time ranges
for input and output. Output timing may generally vary in the
range of

Vo
+7 41 _ v
[Az, '], where ;" = log, v

(assuming the reset potential vg). This upper bound is the time
at which the neuron will fire absent input. However, the mini-
mum observed time is typically not going to be At because of
the combination of input timing and input delays. This will
effectively compress the output time range against the upper
bound so that it may be desirable to re-expand this range for
input to a subsequent neuron. This may be easily done by
using a new reference that is delayed from the prior reference
by the implicated amount.
Suppose the minimum delay is t,””, such that

min
t— G
=gV

Thus, by changing to a reference that has a spike timing of
T,/ later (may alternatively be earlier), one may scale the
valueby g™ by offsetting the time range. For example, if the
minimum delay T, is 20 ms, one may subtract 20 ms by using
areference that is 20 ms later. This will scale the value domain
amount up to a larger range. Although the discrete time forms
of the equations are used above, the analogous operations
may be done in continuous form as demonstrated above.

For certain aspects, one may time a multi-neuron system
(e.g., the neural system 100 of FIG. 1) using a propagating
reference wave. A propagating reference wave serves as a
reference reset time for neurons, which resets different neu-
rons at different times. Thus, the outputs of pre-synaptic
neurons may be appropriately converted to inputs for post-
synaptic neurons by providing the appropriately delayed ref-
erence change.

FIG. 18 illustrates a propagating reference wave for a series
of neurons, in accordance with certain aspects of the present
disclosure. In FIG. 18, layer n-1 neurons 1802 receive input
r 1502 as a reference. Input r 1502 is delayed by a first delay
(z,) 1804, and the delayed r (delayed') serves as a reference
for the layer n neurons 1806. The delayed r is further delayed
by a second delay (z,) 1808, and the resulting delayed r
(delayed") serves as a reference for the layer n+1 neurons
1810. The first delay 1804 may be the same or different from
the second delay 1808.

For certain aspects, this propagating reference frame wave
may also be used as a reference for input (write in) and output
(read out). The reference may also be supplied as a back-
ground noise or oscillation level that propagates across the
layers. The reference frame wave may also be self-generated
as mentioned above (i.e., by the prior layer(s) or prior frame
of subsequent layer(s) or a combination thereof).

Another optional benefit of the frame wave is that it pro-
vides an alternative way to deal with late inputs that may
cause superfluous firing of the post-synaptic neuron (unless
cleared out): output is clocked through the system using the
reference in waves of excitation and inhibition so that only
outputs following the reference within a prescribed time are
acted upon.

FIG. 19 illustrates an example timing diagram 1900 for the
series of neurons having the propagating reference wave of
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FIG. 18, in accordance with certain aspects of the present
disclosure. The layer n—1 neurons 1802 may be considered as
neurons i, the layer n neurons 1806 may be considered as
neurons j, and the layer n+1 neurons 1810 may be considered
as neurons k.

For certain aspects, an alternative may be to use what is
deemed a g~ neuron 2002 as portrayed in FIG. 20. The pur-
pose of this type of neuron is to convert SR to NSR, or T, to T,
as depicted in FIG. 20. One way to accomplish this is with a
special dynamic operation for the g~ neuron in which SR
input timing is latched and used to drive the neuron’s depo-
larization. By conditioning the depolarization on the refer-
ence input (which is treated differently from other inputs), the
output timing may be determined in NSR form. This is
explained in greater detail below.

Let the neuron g~’s dynamics be defined by

duj(t)
dt

du ()

Tdr

dvj’-(t) B .
i Bvi (@) + yor (it (D)

= au (1) + yo (@)

=A%) + 1 (DY (D)

where u, is the input state, U, is the input latch, and v, is the
neuron membrane potential or neuron’s state.
Taking the Laplace transform yields

1 (0) + Y= (p(s)

Ui(s) = —

1= SO U
Vi (0) + Yei(p(s)

v = 100

Let c™(j)=t and y (t)=0(t—t, )+ d(t—t, +T,). Assuming u{t," -
€)=0,

e—rlx

Ujts) =

S—

Computing the inverse Laplace transform assuming t=t,”+
‘Cts
uj(l):e“(””i)

Assuming u (t,+e) and A=0,

Ej(l):uj(l;*’rt):emt

Further assuming initialization to v(0)=0,

—tT |, ~ST
e el got

Vils) = oy

Taking the inverse Laplace transform assuming t=t, ",

—( A=W TeB el () )
v, (1) =P Ctei)

Defining the operation upon spiking asv,~(t,")=0, y,(t,*)=1
(otherwise y (1,")=0) upon condition threshold v,"(t=t,")=v,7,
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1
E[log@; —at;]

A _
T =g~ ) =

Accordingly, one can see that a transformation from SR =,
to NSR T, may be modeled as

Ty=gy (T)ANTHUT,

o @
n :EIOngaﬂ :_Z’

For linearity p™=1—=a=-f. For equivalence, 1™=0. In con-
trast, however, let

n*:_r_){,j*:efﬁr

The same may be done in discrete time resolution At analo-
gously:

U =L+ ALYt (1Al (1-AD)
wi(O=(1+AEN) (i~ A+ (- ALYy -5t~ A7)
V(LB (=AD+p ) (E-An)u (1-A2)
For delay resolution A,

U= (L+ATQ)ATA

max

v =(1+ABYAVAY

= (L= ()
Equating to above,

P =(1-(AIp)2)A¥A

Therefore,

At
T-Ar

B=- log(1 - (A1B)%)

Synthesizing in general one may select At (e.g., At=1), At
(e.g., AT=T"), and c=—p=log(1-(Atp)*)=0.2.

The g~ neuron form (which nominally transforms SR
input to NSR output) may thus be used in combination with
(interfaced with) g;* neuron forms (which nominally trans-
form NSR-POST input to SR output). Effectively, one may
connect these neurons to the opposite type. If these neurons
are connected such that no neuron connects to a neuron of the
same type, then there is no need for other forms of conversion
between SR and NSR relative timing.

Characterization of ALIF Linearity with Number of
Inputs

This section addresses characterization of the linearity of
the neuron model described above with a varying number of
inputs. For this characterization, random inputs and random
coefficients are used. A discrete system is arbitrarily selected
for this characterization, and for simplicity, a time resolution
of At=1 ms is used. Linearity graphs 2101, 2102, 2104, 2108,
2116, and 2132 are shown in FIG. 21 for 1, 2, 4, 8, 16, and 32
inputs, respectively. As the number of inputs increases, the
effective resolution increases because the range increases.
However, the precision may decrease. This is merely a result
of the uniform distribution. Note that the effect may vary
depending upon the range of value of the output (and inputs
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and coefficients). The precision typically also improves radi-
cally with better time resolution, as was shown in examples
above.

Why ALIF?

To a certain extent, LIF and other neuron models, including
the simple model, have linearly predictable firing. The differ-
ence lies in the fidelity or accuracy with which one can predict
using a linear predictor.

To understand why using an ALIF neuron is suggested, the
g, neuron form is examined in the temporal domain:

1y
i

where
g=(1+A1p") VAr

If one chooses p*>0 the model is ALIF. But, if one chooses
p*<0, the model is LIF. In effect, if p*<O0, then q<1 (i.e., a
fraction), and 1/g>1. A logarithm with a fractional base will
be negative for any argument greater than one. The time to fire
absent further input is

" —r=log (ve/vi* (1))/p*

Thus, for the time to be positive (causal), v, *(t)>v,, which
is contradictory because this means the neuron has already
spiked (exceeded threshold). This does not mean a LIF is not
somewhat predictable. It merely means that one cannot easily
design the neuron model for ideal linear predictability using
the LIF, as is done with the ALIF.

FIG. 22 is a flow diagram of example operations 2200 for
emitting an output spike from a neuron model based on rela-
tive time, in accordance with certain aspects of the present
disclosure. The operations 2200 may be performed in hard-
ware (e.g., by one or more processing units), in software, or in
firmware.

The operations may begin, at 2204, by receiving at least
one input at a first neuron model. The input may comprise an
input in the spike-time domain, such as a binary-valued input
spike or spike train. For certain aspects, the input may com-
prise an input in the real-value domain.

The first neuron model may be an ALIF neuron model, for
example. For certain aspects, the first neuron model may have
an exponentially growing membrane potential and may con-
tinue to depolarize in the absence of an inhibitory input. An
excitatory input may cause the first neuron model to fire
sooner than the first neuron model would fire without the
excitatory input.

At 2206, a relative time between a first output spike time of
the first neuron model and a reference time may be deter-
mined, based on the received input. When the input comprises
an input value (as opposed to an input spike), determining the
relative time at 2206 may include encoding the input value as
the relative time. This encoding may comprise calculating the
relative time as a negative of a logarithm of the input value,
wherein the logarithm has a base equal to an exponential
value of a coefficient of change of a membrane potential as a
function of the membrane potential for the first neuron model.

At 2210, an output spike may be emitted from the first
neuron model based on the relative time. For certain aspects,
a membrane potential of the first neuron model may be reset
to a nominal setting above zero at 2212, after emitting the
output spike.
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According to certain aspects, the reference time may com-
prise a second output spike time of the first neuron model, the
second output spike time occurring before the first output
spike time. For other aspects, the reference time may com-
prise a second output spike time of a second neuron model,
wherein an output of the first neuron model is coupled to an
input of the second neuron model and wherein the second
output spike time occurs before the first output spike time.
The first neuron model may have a first coefficient of change
of a first membrane potential for the first neuron model, and
the second neuron model may have a second coefficient of
change of'a second membrane potential for the second neuron
model different than the first coefficient of change. For certain
aspects, the second neuron model may use another reference
time that is delayed from the reference time for the first
neuron model.

For certain aspects, the operations 2200 may include deter-
mining a delay in the at least one input based on a function
(e.g., a scaling function or other linear transformation) mod-
eled by the first neuron model at 2202, which may, but need
not, occur before receiving the at least one input at 2204. The
relative time may be adjusted based on the delay at 2208, such
that the output spike is emitted based on the adjusted relative
time. For example, the function may comprise multiplication
by a scalar, wherein determining the delay at 2202 comprises
computing an absolute value of the scalar to determine the
delay, wherein a synapse associated with the input to the first
neuron model is used as an inhibitory synapse if the scalar is
negative, and wherein the synapse associated with the input to
the first neuron model is used as an excitatory synapse if the
scalar is positive. For certain aspects, the function may be a
learning function based on a homeostatic process or a target
output delay, as described in greater detail below. According
to certain aspects, determining the delay at 2202 may involve
quantizing the delay to a desired temporal resolution, wherein
adjusting the relative time at 2208 comprises adjusting the
relative time based on the quantized delay. The precision of
the function may depend on the temporal resolution.

According to certain aspects, receiving the input at 2204
may involve sampling the input with a sampling rate based on
a desired temporal resolution. In such aspects, determining
the relative time at 2206 may comprise quantizing the relative
time to the temporal resolution.

For certain aspects, the operations 2200 may further com-
prise determining an output value for the first neuron model at
2214. The output value may be determined based on a time
difference between a time of the emitted output spike and the
reference time, wherein the output value is an inverse of an
exponential value of a coefficient of change of a membrane
potential for the first neuron model, the exponential raised to
the power of the time difference before taking the inverse. At
2216, the output value may be output to a display or any other
suitable means for indicating the output value.

Learning

Learning in spiking networks is typically modeled using a
pair-wise spike-timing-dependent plasticity (STDP) rule
comprising both long-term potentiation (LTP) and long-term
depression (LTD). LTP increases synaptic weights, typically
when the post-synaptic neuron fires after the pre-synaptic
neuron. LTD decreases the synaptic weights, typically when
the reverse order appears. Typically, an exponential model is
used for both.

Specifically, with a basic STDP rule, the weight is
increased if the post-synaptic spike time t,,,., occurs after the
pre-synaptic spike time t,,. and decreased if the order is
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reversed. The changes may have different magnitudes as
determined by the following equation:

WP rp(AT>0)e™ ATVELIPH 1 (AT<Q)e ™ AD/ELID

where AT=t,,.,~t,,, and {3 values determine the learning rate
for LTP and LTD and t’s are the time constants for the
exponential decays of LTP and LTD (which may also differ).

However, in the general spiking neural computation
described herein, weights are unnecessary. Nevertheless,
connections may be muted (disconnected/disabled) and
unmuted (reconnected/enabled). To understand how this fits
with aspects of the present disclosure, one may consider the
frame of reference. For certain aspects, information is coded
temporally in the relative time between a spike and another
spike (or a reference time). If an input arrives before a neuron
fires (including synaptic delay), then the input may influence
the firing time. However, if the input arrives after the neuron
fires, the input may only impact the next firing (at most).

For example, as illustrated in FIG. 23, one input spike for
post-synaptic neuron k (the output spike of neuron j at 2302
plus the connection delay) arrives before neuron k fires at
2304 and is timely to have an influence on the firing at 2304.
Another input spike for post-synaptic neuron k (the output
spike of neuron j at 2306 plus the connection delay) arrives
after neuron k fires at 2304 and is too late for the frame to have
any influence on this firing.

According to aspects of the present disclosure, in the value
domain, x=q", so a small value corresponds to a long time ©
(since generally q>1). Thus, if an input has a small enough
value, it may by insignificant relative to the output (result),
arriving too late to have any influence on the output spike
timing. Above, various ways of preventing this late arrival
from influencing the next firing time are described. However,
there is also an automatic way of learning this, by applying an
STDP-like rule to temporarily mute inputs that are eftectively
insignificant. If, later, that input becomes significant, then the
synapse may be unmuted.

For certain aspects of the present disclosure, synaptic delay
represents weight in the value domain. [earning the delay
corresponds to learning a linear transformation. Therefore, a
learning rule may be employed for learning value weights
(coefficients) in the value domain, and these weights may be
translated into delays (in the spike-timing domain).

Alternatively, adaptation may be applied directly to delays
by transforming to the time domain and executing delay
adaptation rules in the time domain.

To see how this may be accomplished, consider a neuron k
which has an output delay T, for a given set of inputs. How-
ever, let the target output delay be T,. To obtain the target
output delay, target input delays {At, }, are desired according
to the following:

1 T HAT
Awy +Z(—]J ! /v;’}
q

J

= —logq

Taking the gradient results in

1r‘-k+A?‘-k

G
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Reversing leads to

AA%y
3t

= v} A g ® AR 1+ Z AT AT )

J#E

This provides a learning rule for the delays,

Aty = w[%wk O e e
J#Ft

which may be simplified (assuming Aw,—0) to

ARy = 90[2 g NN gy gy
J

Assuming that the particular input i contribution to the
denominator of the gradient above is small, one may combine
and simplify even further to

AA%jk:q)quHAIjk(%k_Tk)

which depends on the difference between the target firing
time and the actual firing time, as well as the input time and
the current delay. The parameter ¢ controls the adaptation
rate.

Whichever version is used, it is recommended that delays
not be adjusted for those inputs that have a time of arrival at
the soma that is after the post-synaptic neuron firing time.
Rather such inputs may either have no delay adjustment or be
adjusted according to an STDP-like manner as described
above (i.e., decremented by a very small amount).

Next, consider the target. The target depends only on what
is desired from the neuron. The target may even be set arbi-
trarily, and the neuron may then be allowed to learn the
coefficients for the inputs. Alternatively, one may choose a
target purposely to make use of the non-linearity at the
bounds of the range. The learning may be used to determine a
logical relation of causal inputs or to compute any arbitrary
linear equation.

Finally, it may be noted that the target may be interpreted as
a homeostatic process regulating the firing rate, activity, or
resource (energy) usage of the neuron. From this viewpoint,
the delay learning rules may be called “homeostatic learn-
ing.”

Example E
Learning Coefficients for Noisy Binary Inputs

In this example, the delay learning rule is used to learn
coefficients for a noisy binary input vector. Suppose there are
15 inputs (pre-synaptic neurons) and one synapse/connection
from each to a post-synaptic neuron (for a total of 15 inputs).
By repeatedly exposing the post-synaptic neuron to the same
binary input combination (chosen randomly), the delay learn-
ing rule allows the post-synaptic neuron to learn delays which
result in firing at the desired target time. An early input (i.e.,
a shortrelative input time) may be used to represent a Boolean
1, and a late input (i.e., a long relative input time) may be used
to represent a Boolean 0. FIG. 24 illustrates five representa-
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tives of the fifteen pre-synaptic neurons (A-E) 2402 and the
post-synaptic neuron (F) 2404, in accordance with certain
aspects of the disclosure.

All white Gaussian noise (AWGN) is added to the input in
the temporal domain, with a standard deviation of 2.5 ms.
This is a substantial amount of noise because it is a large
fraction of the overall temporal range. However, aspects of
the present disclosure are still able to successfully learn.

FIGS. 25A and 25B illustrate example results of learning
the input delays to achieve a target output delay, in accor-
dance with certain aspects of the disclosure. For demonstra-
tion purposes, two different cases are shown. In FIG. 25A, the
delays are initialized large, and the target is set low. In FIG.
25B, the delays are initialized small, and the target is set high.
In either case, learning is successful and fast.

FIG. 26 illustrates the result of learning coefficients for the
noisy binary input vector in a graph 2600 of the delays (in ms)
and in a graph 2610 of the coefficients (value-domain real-
valued) for each of the inputs (x-axis), in accordance with
certain aspects of the disclosure. Note that the delays have
adapted to learn the input correspondence.

Example F
Learning Coefficients for Noisy Real-Valued Inputs

In this example, the delay learning rule is used to learn
coefficients for a noisy real-valued input vector. This example
is the same as the above example except that the values in the
input vector are real-valued instead of Boolean.

FIG. 27 illustrates example results of learning coefficients
for a noisy real-valued input vector, in accordance with cer-
tain aspects of the present disclosure. The results in the graphs
2700, 2710, and 2720 of FIG. 27 show that the delay learning
rule works equally well for noisy real-valued inputs.

Example G

Learning Noisy Causal Logical Relations for
Boolean Inputs

In this example, the delay learning rule is applied to learn
the causal logical relation of a varying Boolean input vector.
Here the input vector is changing over time, but a consistent
logical relation in the input is imposed to see if the delay
learning rule can learn what the logical relation is. In the first
case, a set of three inputs are chosen (set to 1) to represent an
OR relation. In the second case, all inputs are chosen (setto 1)
to represent an AND relation. Noise is added as for the prior
examples. For this example, the settings are the same as the
previous examples.

FIG. 28A is a graph 2800 of the delays after the first
iteration for an OR relation, while FIG. 28B is a graph 2810
of the delays after the first iteration for an AND relation. It
may be noted that some of the delays are slightly increased
from the initial value of 1 ms already after this single iteration.
It may also be noted that the relation in the input may be seen.
In FIG. 28A, only one of the pre-synaptic neurons fires early
so only three of the inputs reach the soma early (~10 ms). The
others are later (~25 ms). In FIG. 28B, all the pre-synaptic
neurons fire early. However, the neuron does not yet fire at the
target time; rather, it fires substantially early.

FIG. 29A is a graph 2900 of the delays after a number of
iterations for the OR relation corresponding to FIG. 28A,
while FIG. 29B is a graph 2910 of the delays after a number
of'iterations for the AND relation corresponding to FIG. 28B.
Now, one can see that the post-synaptic neuron has learned
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delays which code the logical expression (OR or AND
according to the input). Furthermore, the output time is on
target (not shown in the figures). In FIG. 29A, one pre-syn-
aptic early firing is sufficient (i.e., a logical OR) to cause the
post-synaptic neuron to fire on target (the other inputs have
delays that make them too late to have an effect, as can be seen
given their total delay exceeds 30 ms (the target)). In FIG.
29B, the logical relation AND has been learned since all
inputs are generally required for the post-synaptic neuron to
fire on time. This most likely involves larger delays.

FIG. 30 illustrates the convergences (as a function of the
number of iterations) for learning the logical relations. The
graph 3000 illustrates the convergence for the logical OR
relation, while the graph 3010 illustrates the convergence for
the logical AND relation.

General Logical Condition or Causal [.earning

Let x, be a Boolean value (0 or 1) representing a logical
variable 1 which is either false or true (respectively). Let the
true logical relational {i}—j be defined by a true cause func-
tion,

xj:fC({i}_)j)
For example, if only AABACAD—E and AABA
CAD—E,

xg=fc({4,B,C,D}—=E)=(x xz(1-%)(1-xp))+
((1=x)(1-xg)xcxp)
Let a linear transfer function be defined as follows:

1-d
i A, ) :Zaﬁ j( s

i

+nf-‘x;]

where the k superscript indicates an instance of a set and n* is
a negation permutation vector. This function yields a value
representative of delay (although not necessarily a delay). A
negation entry is coded as either negating —1 or non-negating
+1. Effectively, this transforms the Boolean valued inputs to
their negated values according to the vector

1
Wy Al i) = 5 > (L =nf)+ Y

i

Further, let coefficients ajk be defined such that the function
above is equal to 6 for logical variable combinations repre-
sented by {x,} that have a true logical implication (e.g., A, B,
not C, and not D), so for all k the following expression is
satisfied:

h(af{i}.n")=0
This is equivalent to setting a target for the homeostatic
learning as described above. Effectively the above target 0
can be translated into an output delay target.
Substituting the above equations,

Z(nf-‘af{j)x; -6- %Zu{{j(l —nf-‘)

or
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-continued
1 1
Z (nffaf{j)(x; - 5] =0- EZ af{j
Or

Z(nfaﬁjxx?):e—%Zaﬁj

Thus, with enough equations, given a number of unknowns
X,, a logical condition in the set {x,} may be recognized, for
example, using another neuron which receives all the
ensemble neuron outputs as inputs and fires upon a threshold
(of coinciding input timing).

For example, consider some instances for the above
example. With no negation a first neuron (labeled k=1) can
learn coefficients to satisfy the true causation. However, it
will also satisfy some other conditions,

fiA, B,C, D} > E) =
(X4 A Xp AXC AXD)V (X3 AXG AXc AXp) v (X5 AXp AXE AXD)V

(x4 AXF AXC AXD) Y (¥4 AXp AXC ATD) Y (¥4 AXE AXC AXD)

This is because a, J1:6/2 for each variable in the above
example if n,'=+1 for all i. Thus, the true cause may not be
unambiguously detected. However, if another neuron (la-
beled k=2) is added,

£({A, B,C.D} > E)=
(X4 A Xp AXC AXD)V (X3 AXG AXc AXp) v (X5 AXp AXE AXD)V

(Xxga AXBAXCAXD)V(Xq AXgAXc AXp)V (X4 AXg AXC AXD)

Here it may be seen that in combination, the two neurons
may be used to reduce the ambiguity because in combination,
there are only four overlapping logical conditions (the first
four). With more neurons, the ambiguity may be eliminated
altogether. However, one may also find a negation vector that
has no ambiguity for this particular logical condition:

F3({4.BCD}—=E)=(x ;A xzN5cAxp)V
GaAFAxAxp)
In this case, there is no need for multiple neurons because this
neuron will fire at the desired delay only if the logical condi-
tions corresponding to the true cause are met.

In general however, one may be motivated to have a solu-
tion for any particular logical condition that may arise. For
this, an ensemble of neurons with different negation vectors
may be utilized. One may then feed their output to a temporal
coincidence recognition neuron that detects when enough of
these neurons fire at the same time, thereby recognizing the
logical condition corresponding to true cause unambigu-
ously. Having enough neurons typically refers to a state or
condition when the population of neurons distinguishes true
and false logical conditions (i.e., when the neurons together,
measured by coincidence firing to a predetermined time pre-
cision, can correctly predict either the cause-effect relation,
the lack of the effect, or both to a desired degree or accuracy).

FIG. 31 illustrates how both negation and ensemble deduc-
tion may be implemented, in accordance with certain aspects
of'the disclosure. Neuron C 3102 is an example of one input.
Neuron C inhibits neuron (Not C) 3104 representing neuron
C’s negation. Note that if neuron C fires late, neuron (Not C)
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will fire first. Recall that a short delay means a large value (a
logical “true”) and a long delay means a small value (a logical
“false”). Each is an input to a different neuron with different
negation vectors (i.e., neuron E' 3106 uses non-negated C,
and neuron E* 3108 uses negated C). A third neuron E* (not
shown), if used, may use either non-negated C or negated C,
depending on the negation vector for E*. Furthermore, each of
the learning neurons 3106, 3108 may have other input,
whether negated or non-negated (e.g., neuron A, neuron (Not
A), neuron B, neuron (Not B), neuron D, or neuron (Not D)),
according to the negation vector for each learning neuron.
The delays associated with each input are adapted in the
learning neurons to meet a target output delay, as described
above. The outputs of these learning neurons 3106, 3108 are
fed as inputs to the neuron R 3110, which is able to recognize
atemporal coincidence in their outputs (i.e., if neurons E* and
E? agree as to the logical condition match).

Hebbian Learning

Hebbian learning is a form of learning in which inputs and
outputs fire together. A simple form of Hebbian learning rule
is the STDP rule,

AWikAsign(ADei‘AﬂhSign (AD

where AT=t,,, ~t,,.=t,~t,=T,,—T, where r is a reference pro-
viding a time reference. Assuming a multiplicative change,

W, =w,(1+Aw,,), converting to the temporal domain,

g L Ay

or
AAT;=AT - At =—log (1+Awy)
Thus,

AAT ==log (1+4; aqye” AT ™74D)

Accordingly, Hebbian learning may be used in the tempo-
ral domain, adjusting the delays depending on the input/
output spike timing AT, without any weights. Notice that the
larger the value of AT, the closer the value of the log param-
eterto 1, and thus, the smaller the change in delay. An increase
in weight according to long-term potentiation (LTP) has a
positive A value for positive AT and thus, the log parameter
will be larger than one yielding a negative change (increase)
in the delay. A decrease in weight according to long-term
depression (LTD) has a negative A value for negative AT and
thus, the log parameter will be less than one yielding a posi-
tive change (increase) in the delay. Longer delay means less
significant input. Shorter delay means more significant input.

FIG. 32 is a flow diagram of example operations 3200 for
learning in a spiking neural network for emitting an output
spike, in accordance with certain aspects of the present dis-
closure. The operations 3200 may be performed in hardware
(e.g., by one or more processing units), in software, or in
firmware.

The operations 3200 may begin, at 3202, by initializing a
current delay associated with an input (e.g., a dendrite) to a
neuron model. The current delay may be initialized to 0 for
certain aspects.

At 3204, an input spike in the neuron model may be
delayed according to the current delay. The input spike may
occur at an input spike time relative to a reference time for the
neuron model. At 3206, an output spike may be emitted from
the neuron model based, at least in part, on the delayed input
spike. At 3208, an actual time difference between an output
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spike time of the output spike and the reference time for the
neuron model may be determined.

At 3210, the current delay associated with the input may be
adjusted based on the current delay, an input spike for the
input spike, and a difference between a target time difference
and the actual time difference. If the difference between the
target time difference and the actual time difference is greater
than a threshold or the number of iterations has not reached
the upper limit, the operations at 3204-3210 may be repeated
with the adjusted delay (as the current delay). The operations
at3204-3210 may be repeated a number of times, at least until
the difference between the target time difference and the
actual time difference is less than or equal to the threshold or
until a maximum number of iterations has been performed
(i.e., the number of iterations has reached the upper limit).
According to certain aspects, the target time difference may
be a setpoint for a homeostatic process involving the neuron
model, as described above.

At 3212, a scalar value may be determined based on the
adjusted delay. In other words, the scalar value was learned by
the neuron model. The scalar value may be determined as the
inverse of an exponential value of a coefficient of change of a
membrane potential for the neuron model, the exponential
raised to the power of the adjusted delay before taking the
inverse. For certain aspects, the scalar value may be a coeffi-
cient of a linear transformation. For certain aspects, the scalar
value may be output to a display or any other suitable means
for indicating the scalar value.

FIG. 33 is a flow diagram of example operations 3300 for
causal learning in a spiking neural network, in accordance
with certain aspects of the present disclosure. The operations
3300 may be performed in hardware (e.g., by one or more
processing units), in software, or in firmware.

The operations 3300 may begin, at 3302, by providing, at
each of one or more learning neuron models, a set of logical
inputs, wherein a true causal logical relation is imposed on the
set of logical inputs. At 3304, varying timing between input
spikes may be received at each set of logical inputs. For each
of'the one or more learning neuron models, delays associated
with each of the logical inputs may be adjusted at 3306 using
the received input spikes, such that the learning neuron model
emits an output spike meeting a target output delay according
to one or more logical conditions corresponding to the true
causal logical relation.

For each of the one or more learning neuron models, the
delays associated with each of the logical inputs may be
initialized before adjusting the delays at 3306, for certain
aspects,

According to certain aspects, providing the set of logical
inputs at 3302 may include selecting each set of logical inputs
from a group comprising a plurality of logical inputs. For
certain aspects, the group may also include negations of the
plurality of logical inputs, wherein selecting each set of logi-
cal inputs comprises selecting each set of logical inputs from
the group comprising the plurality of logical inputs and the
negations.

The operations 3300 may further include modeling each of
the plurality of logical inputs as an input neuron model and,
for each of the plurality oflogical inputs, providing a negation
neuron model representing a negation of the logical input if at
least one of one or more negation vectors has a negation
indication for the logical input, wherein each set of logical
inputs is selected according to one of the negation vectors. In
this case, each learning neuron model may correspond to one
of'the negation vectors and, for each of the plurality of logical
inputs, an output of the input neuron model or of its corre-
sponding negation neuron model may be coupled to an input
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of'the learning neuron model according to the negation vector.
For certain aspects, each of the input neuron models may
inhibit the corresponding negation neuron model. For certain
aspects, the negation indication may comprise a —1.

The operations 3300 may further include determining that
the one or more learning neuron models have learned the one
or more logical conditions corresponding to the true causal
logical relation based on timing of the output spikes from the
learning neuron models. For certain aspects, this determining
may include determining a coincidence or a pattern of firing
among the learning neuron models.

According to certain aspects, a temporal coincidence rec-
ognition neuron model may be coupled to an output from each
of the learning neuron models. The temporal coincidence
recognition neuron model may be configured to fire if a
threshold number of the learning neuron models fire at about
the same time. The operations 3300 may further include
determining that the one or more learning neuron models
have learned at least one of the logical conditions correspond-
ing to the true causal logical relation if the temporal coinci-
dence recognition neuron model fires.

According to certain aspects, receiving the varying timing
between the input spikes at each set of logical inputs at 3304
may comprise receiving a varying Boolean vector at the set of
logical inputs. For certain aspects, a relatively short delay
represents a logical TRUE and a relatively long delay repre-
sents a logical FALSE in the varying Boolean vector.

For certain aspects, the adjusted delays, the one or more
logical conditions, and/or the true causal logical relation may
be output to a display or any other suitable means for indicat-
ing these. For certain aspects, the learning neuron models
may comprise ALIF neuron models.

Conclusion

By coding information in the relative time of spikes, there
may actually be a computational advantage to using spiking
neurons. Thus, a neuron model (a type of simulator design) is
described herein which can efficiently simulate temporal cod-
ing in spiking neural networks to an arbitrary precision.

As described above, any linear system may be computed
using the spiking neuron model disclosed herein using a
logarithmic transformation into relative temporal codes. The
information content of any individual spike is limited only by
time resolution so a single neuron model may compute a
linear transformation of arbitrary precision yielding the result
in one spike. Certain aspects use an anti-leaky-integrate-and-
fire (ALIF) neuron as an exemplary neuron model with no
synaptic weights or post-synaptic filters. Computation may
occur in a log-value domain using temporal delays and con-
version between self-referential (SR) spike timing and non-
self-referential (NSR) spike timing. Multiple means of
achieving this are described above, including conversion
using a second neuron model or using a method of propagat-
ing a reference time frame wave, much like a biological
oscillation. Since weight multiplication need not be per-
formed and post-synaptic filters need not be computed, a
highly efficient method of computing neuron output in con-
tinuous or discrete time is possible.

Furthermore, a spiking neural network may be simulated in
software or hardware using an event-based schedule includ-
ing two types of events: (1) delayed synaptic input events and
(2) expected future spike time events. When a pre-synaptic
neuron fires, an event may be scheduled for each post-synap-
tic neuron at a time in the future depending on the axonal or
dendritic delay between the neurons. When an input event
occurs, a neuron’s state may be updated directly since the
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prior update rather than in time steps. The input may be
added, and a future firing time may be computed directly. This
may be infinite if the neuron will not fire given the current
state. Regardless, a future firing time event may be re-sched-
uled. In this way, arbitrarily high precision in timing (even
continuous time) may be simulated without any additional
cost, thereby reducing power consumption.

The various operations of methods described above may be
performed by any suitable means capable of performing the
corresponding functions. The means may include various
hardware and/or software component(s) and/or module(s),
including, but not limited to a circuit, an application specific
integrated circuit (ASIC), or processor. Generally, where
there are operations illustrated in figures, those operations
may have corresponding counterpart means-plus-function
components with similar numbering. For example, opera-
tions 2200 illustrated in FIG. 22 correspond to means 2200A
illustrated in FIG. 22A.

For example, the means for indicating may comprise a
display (e.g., a monitor, flat screen, touch screen, and the
like), a printer, or any other suitable means for indicating a
value. The means for processing, means for receiving, means
for emitting, means for adding, means for outputting, means
for resetting, means for delaying, means for adjusting, means
for repeating, means for initializing, means for modeling,
means for providing, or means for determining may comprise
aprocessing system, which may include one or more proces-
SOrS.

As used herein, the term “determining” encompasses a
wide variety of actions. For example, “determining” may
include calculating, computing, processing, deriving, inves-
tigating, looking up (e.g., looking up in a table, a database or
another data structure), ascertaining, and the like. Also,
“determining” may include receiving (e.g., receiving infor-
mation), accessing (e.g., accessing data in a memory), and the
like. Also, “determining” may include resolving, selecting,
choosing, establishing, and the like.

As used herein, a phrase referring to “at least one of” a list
of items refers to any combination of those items, including
single members. As an example, “at least one of a, b, or ¢ is
intended to cover a, b, ¢, a-b, a-c, b-c, and a-b-c.

The various illustrative logical blocks, modules, and cir-
cuits described in connection with the present disclosure may
be implemented or performed with a general purpose proces-
sor, a digital signal processor (DSP), an application specific
integrated circuit (ASIC), a field programmable gate array
signal (FPGA) or other programmable logic device (PLD),
discrete gate or transistor logic, discrete hardware compo-
nents or any combination thereof designed to perform the
functions described herein. A general-purpose processor may
be a microprocessor, but in the alternative, the processor may
be any commercially available processor, controller, micro-
controller, or state machine. A processor may also be imple-
mented as a combination of computing devices, e.g., a com-
bination of a DSP and a microprocessor, a plurality of
microprocessors, one or more mMicroprocessors in conjunc-
tion with a DSP core, or any other such configuration.

The steps of a method or algorithm described in connection
with the present disclosure may be embodied directly in hard-
ware, in a software module executed by a processor, or in a
combination of the two. A software module may reside in any
form of storage medium that is known in the art. Some
examples of storage media that may be used include random
access memory (RAM), read only memory (ROM), flash
memory, EPROM memory, EEPROM memory, registers, a
hard disk, a removable disk, a CD-ROM and so forth. A
software module may comprise a single instruction, or many
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instructions, and may be distributed over several different
code segments, among different programs, and across mul-
tiple storage media. A storage medium may be coupled to a
processor such that the processor can read information from,
and write information to, the storage medium. In the alterna-
tive, the storage medium may be integral to the processor.

The methods disclosed herein comprise one or more steps
or actions for achieving the described method. The method
steps and/or actions may be interchanged with one another
without departing from the scope of the claims. In other
words, unless a specific order of steps or actions is specified,
the order and/or use of specific steps and/or actions may be
modified without departing from the scope of the claims.

The functions described may be implemented in hardware,
software, firmware, or any combination thereof. If imple-
mented in hardware, an example hardware configuration may
comprise a processing system in a device. The processing
system may be implemented with a bus architecture. The bus
may include any number of interconnecting buses and bridges
depending on the specific application of the processing sys-
tem and the overall design constraints. The bus may link
together various circuits including a processor, machine-
readable media, and a bus interface. The bus interface may be
used to connect a network adapter, among other things, to the
processing system via the bus. The network adapter may be
used to implement signal processing functions. For certain
aspects, a user interface (e.g., keypad, display, mouse, joy-
stick, etc.) may also be connected to the bus. The bus may also
link various other circuits such as timing sources, peripherals,
voltage regulators, power management circuits, and the like,
which are well known in the art, and therefore, will not be
described any further.

The processor may be responsible for managing the bus
and general processing, including the execution of software
stored on the machine-readable media. The processor may be
implemented with one or more general-purpose and/or spe-
cial-purpose processors. Examples include microprocessors,
microcontrollers, DSP processors, and other circuitry that can
execute software. Software shall be construed broadly to
mean instructions, data, or any combination thereof, whether
referred to as software, firmware, middleware, microcode,
hardware description language, or otherwise. Machine-read-
able media may include, by way of example, RAM (Random
Access Memory), flash memory, ROM (Read Only Memory),
PROM (Programmable Read-Only Memory), EPROM
(Erasable Programmable Read-Only Memory), EEPROM
(Electrically Erasable Programmable Read-Only Memory),
registers, magnetic disks, optical disks, hard drives, or any
other suitable storage medium, or any combination thereof.
The machine-readable media may be embodied in a com-
puter-program product. The computer-program product may
comprise packaging materials.

In a hardware implementation, the machine-readable
media may be part of the processing system separate from the
processor. However, as those skilled in the art will readily
appreciate, the machine-readable media, or any portion
thereof, may be external to the processing system. By way of
example, the machine-readable media may include a trans-
mission line, a carrier wave modulated by data, and/or a
computer product separate from the device, all which may be
accessed by the processor through the bus interface. Alterna-
tively, or in addition, the machine-readable media, or any
portion thereof, may be integrated into the processor, such as
the case may be with cache and/or general register files.

The processing system may be configured as a general-
purpose processing system with one or more microprocessors
providing the processor functionality and external memory
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providing at least a portion of the machine-readable media, all
linked together with other supporting circuitry through an
external bus architecture. Alternatively, the processing sys-
tem may be implemented with an ASIC (Application Specific
Integrated Circuit) with the processor, the bus interface, the
user interface, supporting circuitry, and at least a portion of
the machine-readable media integrated into a single chip, or
with one or more FPGAs (Field Programmable Gate Arrays),
PLDs (Programmable Logic Devices), controllers, state
machines, gated logic, discrete hardware components, or any
other suitable circuitry, or any combination of circuits that
can perform the various functionality described throughout
this disclosure. Those skilled in the art will recognize how
best to implement the described functionality for the process-
ing system depending on the particular application and the
overall design constraints imposed on the overall system.

The machine-readable media may comprise a number of
software modules. The software modules include instructions
that, when executed by the processor, cause the processing
system to perform various functions. The software modules
may include a transmission module and a receiving module.
Each software module may reside in a single storage device or
be distributed across multiple storage devices. By way of
example, a software module may be loaded into RAM from a
hard drive when a triggering event occurs. During execution
of the software module, the processor may load some of the
instructions into cache to increase access speed. One or more
cache lines may then be loaded into a general register file for
execution by the processor. When referring to the functional-
ity of a software module below, it will be understood that such
functionality is implemented by the processor when execut-
ing instructions from that software module.

If implemented in software, the functions may be stored or
transmitted over as one or more instructions or code on a
computer-readable medium. Computer-readable media
include both computer storage media and communication
media including any medium that facilitates transfer of a
computer program from one place to another. A storage
medium may be any available medium that can be accessed
by a computer. By way of example, and not limitation, such
computer-readable media can comprise RAM, ROM,
EEPROM, CD-ROM or other optical disk storage, magnetic
disk storage or other magnetic storage devices, or any other
medium that can be used to carry or store desired program
code in the form of instructions or data structures and that can
be accessed by a computer. Also, any connection is properly
termed a computer-readable medium. For example, if the
software is transmitted from a website, server, or other remote
source using a coaxial cable, fiber optic cable, twisted pair,
digital subscriber line (DSL), or wireless technologies such as
infrared (IR), radio, and microwave, then the coaxial cable,
fiber optic cable, twisted pair, DSL, or wireless technologies
such as infrared, radio, and microwave are included in the
definition of medium. Disk and disc, as used herein, include
compact disc (CD), laser disc, optical disc, digital versatile
disc (DVD), floppy disk, and BLU-RAY DISC® optical stor-
age media where disks usually reproduce data magnetically,
while discs reproduce data optically with lasers. Thus, in
some aspects computer-readable media may comprise non-
transitory computer-readable media (e.g., tangible media). In
addition, for other aspects computer-readable media may
comprise transitory computer-readable media (e.g., a signal).
Combinations of the above should also be included within the
scope of computer-readable media.

Thus, certain aspects may comprise a computer program
product for performing the operations presented herein. For
example, such a computer program product may comprise a
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computer readable medium having instructions stored (and/
or encoded) thereon, the instructions being executable by one
or more processors to perform the operations described
herein. For certain aspects, the computer program product
may include packaging material.

Further, it should be appreciated that modules and/or other
appropriate means for performing the methods and tech-
niques described herein can be downloaded and/or otherwise
obtained by a device as applicable. For example, such a
device can be coupled to a server to facilitate the transfer of
means for performing the methods described herein. Alterna-
tively, various methods described herein can be provided via
storage means (e.g., RAM, ROM, a physical storage medium
such as a compact disc (CD) or floppy disk, etc.), such that a
device can obtain the various methods upon coupling or pro-
viding the storage means to the device. Moreover, any other
suitable technique for providing the methods and techniques
described herein to a device can be utilized.

It is to be understood that the claims are not limited to the
precise configuration and components illustrated above. Vari-
ous modifications, changes and variations may be made in the
arrangement, operation and details of the methods and appa-
ratus described above without departing from the scope of the
claims.

The invention claimed is:

1. A method for implementing a spiking neural network,
comprising:

receiving at least one input value at a first artificial neuron;

based on the input value, determining a relative time

between a first output spike time of the first artificial
neuron and a reference time, wherein determining the
relative time comprises encoding the input value as the
relative time, wherein the encoding comprises calculat-
ing the relative time as a negative of a logarithm of the
input value; and

emitting an output spike from the first artificial neuron

based on the relative time.
2. The method of claim 1, wherein the logarithm has a base
equal to an exponential value of a coefficient of change of a
membrane potential as a function of the membrane potential
for the first artificial neuron.
3. The method of claim 1, further comprising:
determining a delay in the at least one input based on a
function modeled by the first artificial neuron; and

adjusting the relative time based on the delay such that the
emitting comprises emitting the output spike based on
the adjusted relative time.

4. The method of claim 3, wherein the function comprises
a linear transformation.

5. The method of claim 3, wherein the function comprises
multiplication by a scalar, wherein determining the delay
comprises computing an absolute value of the scalar to deter-
mine the delay, wherein a synapse associated with the input to
the first artificial neuron is used as an inhibitory synapse if the
scalar is negative, and wherein the synapse associated with
the input to the first artificial neuron is used as an excitatory
synapse if the scalar is positive.

6. The method of claim 3, wherein determining the delay
comprises quantizing the delay to a desired temporal resolu-
tion and wherein adjusting the relative time comprises adjust-
ing the relative time based on the quantized delay.

7. The method of claim 6, wherein a precision of the func-
tion depends on the temporal resolution.

8. The method of claim 3, further comprising:

determining an output value for the first artificial neuron

based on a time difference between a time of the emitted
output spike and the reference time, wherein the output
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value is an inverse of an exponential value of a coeffi-

cient of change of a membrane potential for the first

artificial neuron, the exponential raised to the power of

the time difference before taking the inverse; and
outputting the output value to a display.

9. The method of claim 3, wherein the function is a learning
function based on a homeostatic process or a target output
delay.

10. The method of claim 1, wherein the reference time
comprises a second output spike time of the first artificial
neuron, the second output spike time occurring before the first
output spike time.

11. The method of claim 1, wherein the reference time
comprises a second output spike time of a second artificial
neuron, wherein an output of the first artificial neuron is
coupled to an input of the second artificial neuron, and
wherein the second output spike time occurs before the first
output spike time.

12. The method of claim 11, wherein the first artificial
neuron has a first coefficient of change of a first membrane
potential for the first artificial neuron and wherein the second
artificial neuron has a second coefficient of change of a sec-
ond membrane potential for the second artificial neuron dif-
ferent than the first coefficient of change.

13. The method of claim 11, wherein the second artificial
neuron uses another reference time that is delayed from the
reference time for the first artificial neuron.

14. The method of claim 1, wherein the first artificial neu-
ron comprises an anti-leaky-integrate-and-fire (ALIF) artifi-
cial neuron.

15. The method of claim 1, wherein the first artificial neu-
ron has an exponentially growing membrane potential and
continues to depolarize in the absence of an inhibitory input
and wherein an excitatory input causes the first artificial neu-
ron to fire sooner than the first artificial neuron would fire
without the excitatory input.

16. The method of claim 1, further comprising:

resetting a membrane potential of the first artificial neuron

to a nominal setting above zero after emitting the output
spike.

17. The method of claim 1, wherein receiving the input
comprises sampling the input with a sampling rate based on a
desired temporal resolution and wherein determining the
relative time comprises quantizing the relative time to the
temporal resolution.

18. An apparatus for implementing a spiking neural net-
work, comprising:

a processing unit configured to receive at least one input

value at a first artificial neuron;

determine, based on the input value, a relative time
between a first output spike time of the first artificial
neuron and a reference time, wherein the processing
unit is configured to determine the relative time by
encoding the input value as the relative time and
wherein the encoding comprises calculating the rela-
tive time as a negative of a logarithm of the input
value; and

emit an output spike from the first artificial neuron based
on the relative time.

19. The apparatus of claim 18, wherein the logarithm has a
base equal to an exponential value of a coefficient of change
ofamembrane potential as a function of the membrane poten-
tial for the first artificial neuron.

20. The apparatus of claim 18, wherein the processing unit
is further configured to:

determine a delay in the at least one input based on a

function modeled by the first artificial neuron; and
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adjust the relative time based on the delay such that the
output spike is emitted based on the adjusted relative
time.

21. The apparatus of claim 20, wherein the function com-
prises a linear transformation.

22. The apparatus of claim 20, wherein the function com-
prises multiplication by a scalar, wherein the processing unit
is configured to determine the delay by computing an abso-
Iute value of the scalar to determine the delay, wherein a
synapse associated with the input to the first artificial neuron
is used as an inhibitory synapse if the scalar is negative, and
wherein the synapse associated with the input to the first
artificial neuron is used as an excitatory synapse if the scalar
is positive.

23. The apparatus of claim 20, wherein the processing unit
is configured to determine the delay by quantizing the delay to
a desired temporal resolution and wherein the processing unit
is configured to adjust the relative time by adjusting the
relative time based on the quantized delay.

24. The apparatus of claim 23, wherein a precision of the
function depends on the temporal resolution.

25. The apparatus of claim 20, wherein the processing unit
is further configured to:

determine an output value for the first artificial neuron

based on a time difference between a time of the emitted

output spike and the reference time, wherein the output

value is an inverse of an exponential value of a coeffi-

cient of change of a membrane potential for the first

artificial neuron, the exponential raised to the power of

the time difference before taking the inverse; and
output the output value to a display.

26. The apparatus of claim 20, wherein the function is a
learning function based on a homeostatic process or a target
output delay.

27. The apparatus of claim 18, wherein the reference time
comprises a second output spike time of the first artificial
neuron, the second output spike time occurring before the first
output spike time.

28. The apparatus of claim 18, wherein the reference time
comprises a second output spike time of a second artificial
neuron, wherein an output of the first artificial neuron is
coupled to an input of the second artificial neuron, and
wherein the second output spike time occurs before the first
output spike time.

29. The apparatus of claim 28, wherein the first artificial
neuron has a first coefficient of change of a first membrane
potential for the first artificial neuron and wherein the second
artificial neuron has a second coefficient of change of a sec-
ond membrane potential for the second artificial neuron dif-
ferent than the first coefficient of change.

30. The apparatus of claim 28, wherein the second artificial
neuron uses another reference time that is delayed from the
reference time for the first artificial neuron.

31. The apparatus of claim 18, wherein the first artificial
neuron comprises an anti-leaky-integrate-and-fire (ALIF)
artificial neuron.

32. The apparatus of claim 18, wherein the first artificial
neuron has an exponentially growing membrane potential and
continues to depolarize in the absence of an inhibitory input
and wherein an excitatory input causes the first artificial neu-
ron to fire sooner than the first artificial neuron would fire
without the excitatory input.

33. The apparatus of claim 18, wherein the processing unit
is further configured to:

reset a membrane potential of the first artificial neuron to a

nominal setting above zero after the output spike is emit-
ted.
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34. The apparatus of claim 18, wherein the processing unit
is configured to receive the input by sampling the input with
a sampling rate based on a desired temporal resolution and
wherein the processing unit is configured to determine the
relative time by quantizing the relative time to the temporal
resolution.

35. An apparatus for implementing a spiking neural net-
work, comprising:

means for receiving at least one input value at a first arti-

ficial neuron;

means for determining, based on the input value, a relative

time between a first output spike time of the first artificial
neuron and a reference time, wherein the means for
determining the relative time is configured to encode the
input value as the relative time and wherein encoding the
input value comprises calculating the relative time as a
negative of a logarithm of the input value; and

means for emitting an output spike from the first artificial

neuron based on the relative time.

36. The apparatus of claim 35, wherein the logarithm has a
base equal to an exponential value of a coefficient of change
ofamembrane potential as a function of the membrane poten-
tial for the first artificial neuron.

37. The apparatus of claim 35, further comprising:

means for determining a delay in the at least one input

based on a function modeled by the first artificial neu-
ron; and

means for adjusting the relative time based on the delay

such that the means for emitting is configured to emit the
output spike based on the adjusted relative time.
38. The apparatus of claim 37, wherein the function com-
prises a linear transformation.
39. The apparatus of claim 37, wherein the function com-
prises multiplication by a scalar, wherein the means for deter-
mining the delay is configured to compute an absolute value
of'the scalar to determine the delay, wherein a synapse asso-
ciated with the input to the first artificial neuron is used as an
inhibitory synapse if the scalar is negative, and wherein the
synapse associated with the input to the first artificial neuron
is used as an excitatory synapse if the scalar is positive.
40. The apparatus of claim 37, wherein the means for
determining the delay is configured to quantize the delay to a
desired temporal resolution and wherein the means for adjust-
ing the relative time is configured to adjust the relative time
based on the quantized delay.
41. The apparatus of claim 40, wherein a precision of the
function depends on the temporal resolution.
42. The apparatus of claim 37, further comprising:
means for determining an output value for the first artificial
neuron based on a time difference between a time of the
emitted output spike and the reference time, wherein the
output value is an inverse of an exponential value of a
coefficient of change of a membrane potential for the
first artificial neuron, the exponential raised to the power
of the time difference before taking the inverse; and

means for outputting the output value to a means for indi-
cating the output value.

43. The apparatus of claim 37, wherein the function is a
learning function based on a homeostatic process or a target
output delay.

44. The apparatus of claim 35, wherein the reference time
comprises a second output spike time of the first artificial
neuron, the second output spike time occurring before the first
output spike time.

45. The apparatus of claim 35, wherein the reference time
comprises a second output spike time of a second artificial
neuron, wherein an output of the first artificial neuron is
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coupled to an input of the second artificial neuron, and
wherein the second output spike time occurs before the first
output spike time.

46. The apparatus of claim 45, wherein the first artificial
neuron has a first coefficient of change of a first membrane
potential for the first artificial neuron and wherein the second
artificial neuron has a second coefficient of change of a sec-
ond membrane potential for the second artificial neuron dif-
ferent than the first coefficient of change.

47. The apparatus of claim 45, wherein the second artificial
neuron uses another reference time that is delayed from the
reference time for the first artificial neuron.

48. The apparatus of claim 35, wherein the first artificial
neuron comprises an anti-leaky-integrate-and-fire (ALIF)
artificial neuron.

49. The apparatus of claim 35, wherein the first artificial
neuron has an exponentially growing membrane potential and
continues to depolarize in the absence of an inhibitory input
and wherein an excitatory input causes the first artificial neu-
ron to fire sooner than the first artificial neuron would fire
without the excitatory input.

50. The apparatus of claim 35, further comprising:

means for resetting a membrane potential of the first arti-

ficial neuron to a nominal setting above zero after the
output spike is emitted.

51. The apparatus of claim 35, wherein the means for
receiving the input is configured to sample the input with a
sampling rate based on a desired temporal resolution and
wherein the means for determining the relative time is con-
figured to quantize the relative time to the temporal resolu-
tion.

52. A computer-program product for implementing a spik-
ing neural network, comprising a non-transitory computer-
readable medium comprising instructions executable to:

receive at least one input value at a first artificial neuron;

determine, based on the input value, a relative time
between a first output spike time of the first artificial
neuron and a reference time, wherein determining the
relative time comprises encoding the input value as the
relative time and wherein the encoding comprises cal-
culating the relative time as a negative of a logarithm of
the input value; and

emit an output spike from the first artificial neuron based on

the relative time.
53. The computer-program product of claim 52, wherein
the logarithm has a base equal to an exponential value of a
coefficient of change of a membrane potential as a function of
the membrane potential for the first artificial neuron.
54. The computer-program product of claim 52, further
comprising instructions executable to:
determine a delay in the at least one input based on a
function modeled by the first artificial neuron; and

adjust the relative time based on the delay such that the
emitting comprises emitting the output spike based on
the adjusted relative time.

55. The computer-program product of claim 54, wherein
the function comprises a linear transformation.

56. The computer-program product of claim 54, wherein
the function comprises multiplication by a scalar, wherein
determining the delay comprises computing an absolute
value of the scalar to determine the delay, wherein a synapse
associated with the input to the first artificial neuron is used as
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aninhibitory synapse if the scalar is negative, and wherein the
synapse associated with the input to the first artificial neuron
is used as an excitatory synapse if the scalar is positive.

57. The computer-program product of claim 54, wherein
determining the delay comprises quantizing the delay to a
desired temporal resolution and wherein adjusting the relative
time comprises adjusting the relative time based on the quan-
tized delay.

58. The computer-program product of claim 57, wherein a
precision of the function depends on the temporal resolution.

59. The computer-program product of claim 54, further
comprising instructions executable to:

determine an output value for the first artificial neuron

based on a time difference between a time of the emitted

output spike and the reference time, wherein the output

value is an inverse of an exponential value of a coeffi-

cient of change of a membrane potential for the first

artificial neuron, the exponential raised to the power of

the time difference before taking the inverse; and
output the output value to a display.

60. The computer-program product of claim 54, wherein
the function is a learning function based on a homeostatic
process or a target output delay.

61. The computer-program product of claim 52, wherein
the reference time comprises a second output spike time of the
first artificial neuron, the second output spike time occurring
before the first output spike time.

62. The computer-program product of claim 52, wherein
the reference time comprises a second output spike time of a
second artificial neuron, wherein an output of the first artifi-
cial neuron is coupled to an input of the second artificial
neuron, and wherein the second output spike time occurs
before the first output spike time.

63. The computer-program product of claim 62, wherein
the first artificial neuron has a first coefficient of change of a
first membrane potential for the first artificial neuron and
wherein the second artificial neuron has a second coefficient
of change of a second membrane potential for the second
artificial neuron different than the first coefficient of change.

64. The computer-program product of claim 62, wherein
the second artificial neuron uses another reference time that is
delayed from the reference time for the first artificial neuron.

65. The computer-program product of claim 52, wherein
the first artificial neuron comprises an anti-leaky-integrate-
and-fire (ALIF) artificial neuron.

66. The computer-program product of claim 52, wherein
the first artificial neuron has an exponentially growing mem-
brane potential and continues to depolarize in the absence of
an inhibitory input and wherein an excitatory input causes the
first artificial neuron to fire sooner than the first artificial
neuron would fire without the excitatory input.

67. The computer-program product of claim 52, further
comprising instructions executable to:

reset a membrane potential of the first artificial neuron to a

nominal setting above zero after emitting the output
spike.

68. The computer-program product of claim 52, wherein
receiving the input comprises sampling the input with a sam-
pling rate based on a desired temporal resolution and wherein
determining the relative time comprises quantizing the rela-
tive time to the temporal resolution.
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